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Abstract. In this paper, we study semi-topological cohomology theories such as semi- 
topological Jf-theory and morphic cohomology from the perspective of the motivic 
homotopy theory. Using some motivic descent theorems for Morel's A^-B.G. motivic 
spectra, we construct a triangulated endo-functor on the stable motivic homotopy 
category S'H{C), which we call homotopy semi-topologization. 

Using this functor we show that the semi-topological JC-theory of Friedlander-Walker 
and the morphic cohomology of Friedlander-Lawson are representable in S'H{C). The 
homotopy semi-topologization functor allows us to define a semi-topological analogue 
of the algebraic cobordism of Voevodsky. We show that there is a Hopkins- Morel type 
spectral sequence, which relates the morphic cohomology with the semi-topological 
cobordism, and this spectral sequence degenerates with the rational coefficients. We 
also show that the Voevodsky algebraic cobordism coincides with the semi-topological 
cobordism with finite coefficients. 



1. Introduction 

The motivic homotopy theory of algebraic varieties was pioneered by Morel and Vo- 
evodsky in [33]. In this theory, smooth schemes over a fixed noetherian base scheme S 
are treated as representable simplicial presheaves on the category of smooth schemes over 
S. Using suitable closed model structures on these simplicial presheaves, one defines the 
unstable and the stable motivic homotopy categories over S. These homotopy categories 
are analogous to the unstable and stable homotopy categories of topological spaces. The 
motivic homotopy theory has had some outstanding applications, notably, in the proofs 
of the Milnor conjecture and the Bloch-Kato conjecture. 

The goal of this paper is to study some cohomology theories such as semi-topological 
-fC-theory and morphic cohomology from the perspective of the motivic homotopy theory. 
The semi-topological i^-theory of algebraic varieties was introduced by Friedlander and 
Walker [10]. This theory interpolates between the algebraic and the topological K- 
theories of complex algebraic varieties. The morphic cohomology was introduced by 
Friedlander and Lawson [5], and it interpolates between the motivic and the singular 
cohomology theories of complex algebraic varieties. 

It is known that the algebraic i^-theory and the motivic cohomology of algebraic 
varieties are representable in the stable motivic homotopy category over S. We show in 
this paper that the semi-topological A'-theory and the morphic cohomology of complex 
algebraic varieties are also representable in the stable motivic homotopy category. 

In order to prove these results, we use the idea of Friedlander and Walker |9J of 
defining the semi-topological i^-theory as a certain kind of semi-topologization of the 
algebraic i^-theory spectrum. It turns out that this semi-topologization can be defined 
as a functor on the categories of presheaves on smooth schemes over C of simplicial 
sets and spectra. Our first main result in this paper is that the semi-topologization of 
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the presheaves induces a derived endo-functor on the stable motivic homotopy category 
STiiC), which is compatible with the triangulated structure on S'H{C). 

In the process, we run into several technical issues. This is mainly because the semi- 
topologization functor as is does not respect motivic weak-equivalences of the presheaves. 
So, we need to take a detour. 

The key fact is that the semi-topologization process gets along well with object-wise 
weak-equivalences between presheaves of spectra via the recognition principle of Fried- 
lander and Walker jl2|. Our basic motivic descent theorem (Theorem I3.1.5P shows 
that among "A^-B.G." presheaves, all motivic weak-equivalences are object-wise weak- 
equivalences. This class of A^-B.G. presheaves was introduced by Morel [351 Definition 
A. 5]. See Definition 13.1.11 The motivic descent theorem is the motivic analogue of the 
Nisnevich descent theorem of Morel and Voevodsky [33J for B.G. simplicial sheaves. 

We extend the above motivic descent theorem to (s,p)-bispectra in Theorem 13.4.31 
These (s,j?)-bispectra can be seen as T-spectrum objects in the category of presheaves 
of spectra, where T is the pointed motivic space (P^,cxd). After proving some more in- 
termediate results, we achieve our goal of constructing the homotopy semi-topologization 
triangulated endo-functor on S'H{C). We establish several properties of homotopy semi- 
topologization, and we prove the representability of the semi-topological ii'-theory and 
the morphic cohomology in S1-L{C). 

Using the homotopy semi-topologization, we define a semi-topological analogue of the 
algebraic cobordism theory of Voevodsky [47J, and then construct the semi-topological 
analogue of the spectral sequence of Hopkins and Morel. This spectral sequence relates 
the morphic cohomology of a smooth scheme over C to its semi-topological cobordism. 
We also show that the semi-topological cobordism coincides with the algebraic cobordism 
with finite coefficients. 

Summary of results: The following is a summary of our main results. The full state- 
ments of these results and the underlying notations and definitions can be found in the 
main body of the text. 

Theorem 1.0.1 (Motivic descent theorems). A motivic weak-equivalence E ^ F of 
A^-B.G. presheaves of simplicial sets (pointed simplicial sets, spectra) on Sms is an 
object-wise weak-equivalence. 

A stable motivic weak- equivalence E ^ F between A} -B.G. motivic Q.T-bispectra (see 
Definition on Smg is a T-level-wise object-wise weak-equivalence, i.e., each fn ■ 

En — >■ Ffi is an object-wise weak- equivalence of presheaves of spectra on Sm^. 

Theorem 1.0.2 (Homotopy semi-topologization). There exists a triangulated endo- 
functor host : S'H{C) — >■ SH{C), which coincides with the Friedlander-Walker semi- 
topologization functor on h}-B.G. motivic -bispectra. 

Theorem 1.0.3 (Representability and spectral sequence). The semi-topological K -theory 
and the morphic cohomology are representable in ST-L{C). 

There is a semi-topological cobordism MGLgst cls a cohomology theory on Smc, with 
a natural transformation MGL — t- MGLgst that becomes an isomorphism with finite 
coefficients. For any X G Smc and n >0, there is a spectral sequence 

EP'5(n) = U'-mP-'i{X)(mJ' MGL^+'''"(X), 

and this spectral sequence degenerates after tensoring with Q. 

It turns out that many of the expected properties (some of which are known for 
the semi-topological X-theory) such as Nisnevich Mayer- Vietoris sequence, localization 
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and strong homotopy invariance are immediate consequences of Theorem 11.0.31 See 
Theorem EXIl 

Outline of the paper: Here is an outUne of the structure of the paper. We recollect 
notations, definitions and the constructions of various motivic homotopy categories in 
§ [2j In § [3l we recall the notion of A^-B.G. presheaves of (pointed) simplicial sets and 
spectra. Our main results in this section are the motivic descent theorems: Theorem l3.1.5l 
and Theorem 13. 4. 31 In § |4] and § El we recall the definition of the semi-topologization 
functor. In §[6l we prove some technical results about the semi-topologization functor and 
construct the homotopy semi-topologization as a triangulated endo-functor on S'H{C). In 
§[7] and §[8l we prove the representability theorems for the semi-top ological ii'-theory and 
the morphic cohomology in SHiC). In §[9l we study the homotopy semi-topologization of 
the motivic Thom spectrum MGL of Voevodsky, and prove the semi-topological analogue 
of the Hopkins-Morel spectral sequence with some consequences. 

Conventions and notations: When 5 is a noetherian scheme of finite Krull dimension, 
an S-scheme is a separated scheme of finite type over S. We denote the category of S- 
schemes by Schg. Its full subcategory of smooth schemes over S will be denoted by Sm^. 
When S = Spec (k) for a field k, we shall often write Sch^ and Sm^ for Sch^ and Sm^, 
respectively. A variety over A: is a reduced /c-scheme, not necessarily quasi-projective. 
The category of /c-varieties will be denoted by Var^. 

We let Set be the category of sets, Spc be the category of simplicial sets and Spc, 
be the category of pointed simplicial sets. We let Spt be the category of Bousfield- 
Priedlander spectra [2] , which is also recalled in Section 12.21 We shall denote the ho- 
motopy categories of Spc, and Spt by HoSpc, and S7i, respectively. The set of maps 
K ^ L in Spc, will be denoted by Hom,(i^, L). The set of homotopy classes of maps 
i^T ^ L in Spc, or Spt will be denoted by tt{K,L), and the set of maps ^ L in 
HoSpc, or in SH will be denoted by [ivT, L]. 

The symbol A is used for the following cases, and we hope no confusion may arise. 
First, A denotes the category whose objects are [n] := {0, • • • , n} for n > and the 
morphisms [m] [n] are nondecreasing set functions. The notation A[n] denotes the 
simplicial set Homset(— , [n]) given by the Yoneda embedding. The notation AJ^^p denotes 
the topological n-simplex {{to, ■ ■ ■ ,tn) & M"+^|0 < ti < = while A" denotes 

the algebraic n-simplex Spec {k[to, • • • , ti = 1). 

2. Recollection of motivic homotopy theory 

In this section, we recall basic definitions in motivic homotopy theory to fix the termi- 
nologies. The original reference is [33j but we often adapt the presentations given in jl9] 
and [34J . Throughout the Sections [2] and El we let S denote a fixed noetherian scheme 
of finite Krull dimension. 

2.1. Motivic spaces. We regard an object of Spc as a space. An object of Spc, is 
regarded pointed space. 

A motivic space over is a simplicial presheaf on Sms and a pointed motivic space 
over 5 is a pointed simplicial presheaf on Sm^. We let Spc(S') and Spc,(S') be the 
categories of unpointed and pointed motivic spaces over S, respectively. A presheaf of 
sets on Sm^ will be regarded as a motivic space over S of simplicial dimension zero. 
Each X € Sm^ is seen as a motivic space over S by Yoneda embedding, that we still 
denote by X. By X+, we mean the pointed motivic space XJJS'. Each (pointed) space 
K also defines a (pointed) motivic space over as a constant presheaf on Sm^. 
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When [/ is a pointed motivic space over S, we have the suspension functor S(7 : 
Spc.(5) ^ Spc.(5) that sends E to E AU. Fox U = S\ {Gm, {1}) and T = (P\ oo), 
we write S^/ as S^jS^, and Sj^, respectively. 

Given E,F Spc(S'), we let T-iom{E,F) denote the internal horn presheaf of sim- 
plicial sets. For E,F Spc,(S'), the pointed internal horn presheaf will be denoted by 
'Hom,{E, F). The simplicial horn set from E to F will be denoted by S{E,F). There is 
a bijection 

(2.1.1) S{E AF,G) c^S{E,nom,{F,G)) for E, F,G £ Spc,{S). 

For a pointed motivic space E, we shall denote the functor 'Hom,{E, —) on Spc, by 

Qe{—)- For E = (resp. (Gm, 1)), ilE{—) will be often written as f^s(— ) (resp. Q.t{—)). 

2.2. S^-stable motivic homotopy category. Recall from |191 Theorem 1.1] that the 
category Spc(5) of motivic spaces over S" is a proper simplicial cellular closed model 
category, where a map f : E ^ F is a Nisnevich local weak-equivalence if the induced 
maps on all Nisnevich stalks E^ Fx are weak-equivalences of simplicial sets, while 
cofibrations are monomorphisms, and Nisnevich fibrations are defined in terms of the 
right lifting property with respect to all trivial cofibrations. One defines a similar model 
structure on Spc,(S') by forgetting the base points. Their homotopy categories, obtained 
by formally inverting the Nisnevich local weak-equivalences, are denoted by 'H^'^^{S) and 
7i^^^{S). When E and F are pointed motivic spaces, we let [E,F]Nis denote the set 
Hom^Aris(5)(£', F). See [H] and [33] for more details on these model structures. 

We now recall the construction of 5^-stable motivic homotopy category from \T9] and 
[34] . A spectrum, also called an -spectrum, is a sequence of pointed simplicial sets 
{Eq, El, ■ ■ ■) with the structure morphisms A En — ^ En+i of pointed simplicial sets. 
The category of spectra is denoted by Spt, and the category of presheaves of spectra on 
Sm^ is denoted by Spt(S'). For simplicity, a presheaf of spectra on Sms will be called 
a motivic spectrum (over S), or often a spectrum on Sms- 

2.2.1. Nisnevich model structure on motivic spectra over S. Recall that a morphism 
f : E F of motivic spectra is an object-wise weak- equivalence if for each U G Sms, 
the map f(U) : E(U) — )■ F(U) is a weak-equivalence of spectra (i.e., the induced maps 
on the stable homotopy groups are isomorphisms). 

A morphism f : E ^ F of motivic spectra is said to be a Nisnevich local weak- 
equivalence if for each U G Sms and x G C/, the induced map fx ■ Ex — ^ Fx on 
the Nisnevich stalks is a weak-equivalence of spectra. A map f : E F of motivic 
spectra is a cofibration if /o is a monomorphism and En+i Y[s^ae„ A F„ — )• is a 
monomorphism of motivic spaces for each n > 0. This is equivalent to saying that the 
maps En — > Fn and A (En/ En) — > Fn+i/En+i are monomorphisms of motivic spaces 
for each n > 0. A Nisnevich fibration between motivic spectra is a map with the right 
lifting property with respect to all trivial cofibrations. 

Observe that giving a cofibration E F of motivic spectra is equal to giving cofibra- 
tions E(U) — )■ F(U) of spectra. A morphism E ^ F of motivic spectra is a Nisnevich 
local weak-equivalence if and only if the induced map of Nisnevich sheaves associated to 
the presheaves U i— t- 7r„(i?(?7)), U i— )• iTn{F(U)), is an isomorphism for all n G Z. 

Theorem 2.2.1. ([18, Theorem 2.34], [34| Lemma 2.3.6]) The above classes of Nisnevich 
local weak- equivalences, cofibrations and Nisnevich fibrations define a proper simplicial 
closed model structure on Spt(5). An object E is cofibrant if and only if the structure 
maps an ■ A En — > En+i are monomorphisms and an object F is Nisnevich fibrant if 
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and only if each F„ is a Nisnevich fibrant motivic space and the adjoint of the structure 
maps an '■ En — > 0,lEn+i are Nisnevich local weak- equivalences. 

It follows from Theorem 12.2.11 that for every E € Spc,(S'), the motivic spectrum 
T,'^E = (i?, Sji?, S^i?, • • • ) is cofibrant. The homotopy category of Spt(S') with re- 
spect to the Nisnevich local injective model structure defined above will be denoted by 
S'Hgi^{S). For the motivic spectra E and F, the set Hom^^jv^is(g)(£', F) will be denoted 

hy[E,F]ms. 

2.2.2. Motivic model structure on motivic spectra over S. The homotopy category of 
Spc,(5) with respect to the motivic model structure (see [H]) will be denoted by 'H,{S), 
and the set of all maps from to F in 7^,(5) will be denoted by [E,F]^i. Below we 
recall from |34l § 4], the motivic model structure on Spt(S'), which is similar to that on 
Spc.(5). 

A motivic spectrum Z is said to be -local if for any motivic spectrum E, the 
projection map E A A\_ E induces an isomorphism of abelian groups [E^Zj^is ^ 
[E AA^, Z]j\[is- A morphism f : E ^ F oi motivic spectra is called an -stable motivic 
weak- equivalence if for each A^-local Z, the induced map /* : [F,Z]]\fis — ?• [E,Z]]\fis is 
an isomorphism. We often say that / is a motivic weak- equivalence of motivic spectra, 
for simplicity. 

The classes of motivic weak-equivalences, cofibrations (as defined in ^2.2. ip and mo- 
tivic fibrations given by the right lifting property with respect to all trivial cofibrations, 
define a closed model structure on Spt(S'), called the -stable motivic model structure. 
This model structure is the left localization of the Nisnevich local injective model struc- 
ture with respect to the class of maps E A Al_ E for E € Spt(S'). It follows from 
[15\ Proposition 3.4] and Theorem 12.2.11 that the motivic model structure on Spt(S') is 
left proper and simplicial. In fact, it is proper. A motivic spectrum is motivic fibrant if 
and only if it is Nisnevich fibrant and A^-local. The homotopy category of Spt(S') with 
respect to the S'^-stable motivic model structure will be denoted by ST-Lgi{S). 

The 5^-stable motivic model structure on Spt(S') is equivalent to the one obtained 
by stabilizing the motivic model structure on Spc,(S') with respect to the simplicial 
suspension S^, as described in [19[ Theorem 1.1]. It follows that a motivic spectrum 
E is motivic fibrant if and only if it is level-wise motivic fibrant in the motivic model 
structure on Spc,(S') and each map En QsEn+i is a motivic weak-equivalence. 

It follows from [34^ Proposition 3.1.1] that SHsi{S) is a triangulated category, where 
the shift functor E i— )• E[l] is given by S^. The abelian group of all maps from E to F 
in 57^51(5) will be denoted by [E,F]^i. 

Note that we have a pair of adjoint functors : Spc,(S') o Spt(S') : Ev^ given 
by Sf (£;) = {E,T,sE,T,'^^E,---) and Ev^,{F) = Fq. The functor clearly preserves 
cofibrations. Moreover, as there are natural isomorphisms 

(2.2.1) [Sri^[p],F]iVis ^ cohm [5"+^' A E,Fn]Nis, 

n>~p 

[j:fE[p],FU ^ cohm [S^+P A E, F^J^i, 

n>— p 

for E G Spc.(S'),F G Spt(5') and p € Z (c/. 071 Theorem 5.2]), the functor also 
preserves motivic weak-equivalences. In particular, the pair (Sf ,£^t;0) forms a Quillen 
pair of adjoint functors and one gets adjoint functors : T-L,{S) o ST-Lgi{S) : HEv^. 

2.3. Stable motivic homotopy category. The stable motivic homotopy category 
S7i{S) of motivic spaces over S was first constructed by Voevodsky in [17] • This category 
can now be constructed from several different models. We give a brief review of two 
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different constructions of S7i{S). Recall that for F G Spt(S') and E £ Spc,(S'), we let 
TieF denote the motivic spectrum {Fq A E, Fi A E, ■ ■ ■ ). For E = S^, the spectrum S^F 
will be denoted by S^F. 

2.3.1. {s,p)-bispectra model. Recall from ^26, § 8] that an {s , p) -bispectrum over S is a 
collection E = {Em^n\^,n > 0} of pointed motivic spaces over S together with the 
horizontal bonding maps TigEm^n Em+i,n and the vertical bonding maps T,TEm,n 
Em.,n+i such that the horizontal and the vertical bonding maps commute. We regard it 
as a sequence {Eq, Ei,- ■ ■) of motivic spectra with the bonding maps e : TixEn En+i, 
where E^ is the motivic spectrum E^^n '■= {Eo,n,Ei^n,- ■ ■). We let Spt(^p)(5) denote 
the category of (s,p)-bispectra over S. 

Given an (s,p)-bispectrum E and p,q (zIj, we define Trp^q{E) to be the presheaf 

(2.3.1) U ^ colimHom5^^^(s)(Sr29s^+-Sf f/_,,F„). 

A morphism f : E F of (s,p)-bispectra over S is called a stable motivic weak- 
equivalence if the induced morphism : ■Kp^q{E) TTp^q{F) of presheaves is a stalk- 
wise isomorphism of abelian groups on {Sms)Nis- We often drop the word stable for 
simplicity, and call it just a motivic weak-equivalence of (s,p)-bispectra. 

There is a closed model structure on Spt(gp^(S') (c/. [Ml § 3], [261 § 8.2]), whose 
weak-equivalences are the stable motivic weak-equivalences. This model structure on 
Spt(<j^p)(5') is called the stable motivic model structure, or simply the motivic model 
structure. It follows from [16, Proposition 1.14] that this model structure is obtained as 
a Bousfield localization of the level- wise model structure on Spt(g p^(S') in which weak- 
equivalences (fibrations) are T-level-wise S'^-stable motivic weak-equivalences (motivic 
fibrations) of motivic spectra, and E F is a cofibration if the maps Eq — )• Fq and 

En+l W ^tFu Fn+l 

are cofibrations in the /S^-stable motivic model structure on Spt(S') for all n > 0. The 
stable motivic model structure on Sptj-g p)(S') is proper and simplicial. It follows from 
[161 Theorem 3.4] that an (s,|?)-bispectrum E is stable motivic fibrant if and only if each 
En is 5^-stable motivic fibrant and the adjoint of the bonding maps ? : En — )• VLxEn+i 
are S^-stable motivic weak-equivalences for all n > 0. 

2.3.2. T-spectra model. A T-spectrum E over 5" is a collection {Eq,Ei, • • • ) of pointed 
motivic spaces over S together with the bonding maps TixEn — > En+i. The category of 
T-spectra over S is denoted by Spt2-(S'). As in the case of (s,p)-bispectra, we define for 
p,q G Z, the presheaf iTp^q{E) on Sm^ by 

{7TpjE)){U) = colimBomn.is)i^r^'K^''U+,En). 

There is a proper simplicial closed model structure on Spt'p(S') in which E ^ F is a 
weak-equivalence (called a stable motivic weak- equivalence of T-spectra) if the induced 
map f<t: : i:p^q{E) — )• iTp^q{F) is a stalk-wise isomorphism of abelian groups on {Suis)Nis- 
This model structure is obtained as a Bousfield localization of the model structure on 
Sptj.(S') in which weak-equivalences (fibrations) are level- wise motivic weak-equivalences 
(motivic fibrations) of pointed motivic spaces. 

Given a motivic spectrum E, let ilf^E := colim Q'^Em- For a T-spectrum E, let 

m 

n^E := colim Jli??F^. 

m 
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A T-spectrum E = {Eq,Ei, • • • ) defines an (s,p)-bispectrum £ := {T,'^Eq, Tif^Ei, • • • ) 
by taking the term-wise simplicial infinite suspensions. Conversely, given an {s,p)- 
bispectrum 7" = (Fq, Fi, • • • ), we obtain a T-spectrum F = (l^f Fq, n^Fi, ■■■). The 
correspondence 

(2.3.2) : SptT.(S) O Spt(,,p)(S) : Qf 

induces an equivalence between the stable homotopy categories of T-spectra and {s,p)- 
bispectra. We use the notation STiiS) for the common homotopy category. 

For any pointed motivic space X € Spc,(5), one associates the infinite T-suspension 
spectrum of X, defined by T,^X := {X, T,tX, S^X, • • • ), with the identity bonding maps 
T A T^^^^^^ A X ^ T" A X. We can also extend the suspension operations S^, Sc,, Sf 
to Spt(^p)(5') and Spty(5') in the obvious way. The category ST-l{S) is a triangulated 
category in which the shift functor E E[l] is given by the functor S<j. On this category, 
the functors Sr,S<j,S( are all auto-equivalences. For (s,p)-bispectra E and F, we shall 
denote Romsn{s){E, F) by [E,F]p,i. 

There is a Quillen pair of adjoint functors : Spt(5) o Spt(^p)(5) : given 
by (F) = {E,J:tE,T.'^E,---) and n^{F) = (O^Fq,*, O^PFi,,, • • •'). This yields an 
adjoint pair of derived functors 

(2.3.3) I]^ : SHsiiS) ^ sn{s) ■.Kn'^. 

Given F € Spt(^p)(S'), one has ILn^{F) = ^}^{F) = Fq, where F ^ F is a stable 
motivic fibrant replacement of F and Fq is the motivic spectrum given by (F)*^o = 
((F)o,o,(i^)i,o,---)- 

2.3.3. Cohomology theories. Finally, given any E and F € S'H{S), the F-cohomology 
F"'''(F) of F for a, 6 G Z is defined by F"'''(F) := [F, S"'''F]ai, where S"'*F = T.^.'^T.^^E. 
In particular, if X G Smg, we have G ST-L{S) so that we define 

(2.3.4) F'^'^(X) := F"'''(S5?X+) = S'^'^FJai = S^-2''S§.F]ai. 



3. Motivic descent for A-'^-B.G. presheaves 

Recall that a (pre)sheaf of simplicial sets (pointed simplicial sets, spectra) E on Sms 
is said to have the B.G. property (named after Brown and Gersten who first used this 
concept for the Zariski topology) if every elementary (distinguished) Nisnevich square 
(see [33l Definition 3.1.5]) in 8015 



W 



u 



(3.0.5) 



V 



-> X 



is converted into a homotopy Cartesian square of simplicial sets (pointed simplicial sets, 
spectra) after applying E. A presheaf with the B.G. property is called a B.G. presheaf. 
An important technical result in the A^-homotopy theory of Morel and Voevodsky is the 
following Nisnevich descent theorem ([33', Proposition 3.1.16]): 

Theorem 3.0.1. A (pre)sheaf of simplicial sets (pointed simplicial sets, spectra) E on 
Sms is B. G. if and only if every Nisnevich fibrant replacement f : E ^ F is an object- 
wise weak-equivalence. A Nisnevich local weak-equivalence E ^ F of B.G. (pre) sheaves 
of simplicial sets (pointed simplicial sets, spectra) is an object-wise weak- equivalence. 
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We remark that [33] proved this result for sheaves. The presheaf version and the 
analogous result for the presheaves of spectra can be found in |19[ Theorem 1.3, Corol- 
lary 1.4]. This result is important because it gives a necessary and sufficient condition 
for a Nisnevich fibrant replacement to be an object-wise weak-equivalence. It is a crucial 
ingredient in many applications in motivic homotopy theory. 

3.1. Motivic descent theorem. Recall from ^ I2.2.2l that a motivic fibrant replacement 
E F is a. fibrant replacement of E in the motivic model structure. Our goal in 
this section is to establish a necessary and sufficient condition for a motivic fibrant 
replacement of a motivic space and a motivic spectrum to be an object-wise weak- 
equivalence. We shall follow this up with several applications. It turns out that, as we will 
show, for this purpose the following concept introduced by Morel ( [35\ Definition A. 5]) 
is most appropriate. 

Definition 3.1.1. Let Ehea presheaf of simplicial sets (pointed simplicial sets, spectra) 
on Sm^. We say that 

(1) E is -weak-invariant if the map E{X) — > E{X xA^), induced by the projection 
X X A^ ^ X, is a weak-equivalence for all X G Sm^. 

(2) E is A^-B.G. if it is B.G. and A^-weak- invariant. 

(3) E is quasi-fibrant (resp. motivic quasi-fibrant) if every Nisnevich fibrant (resp. 
motivic fibrant) replacement E F E is an object-wise weak-equivalence. 

Theorem 13.0.11 shows that ii^ is B.G. if and only if E is quasi-fibrant. We wish to prove 
its motivic analogue, which we will call the motivic descent theorem. We begin with the 
following series of deductions. 

Lemma 3.1.2. Let X G Sins- 

(1) If F ^ Spc,(5) is Nisnevich fibrant, then for p > 0, we have a bijection 

[SP AX+,F]Nis^MFiX)). 
If F G Spt(5) is Nisnevich fibrant, then for p G Z, we have a bijection 
[SfX+b],F];v.. ^vrp(F(X)). 

(2) If F ^ Spc,(5) is motivic fibrant, then p > 0, we have a bijection 

[S^ ^X+,F]^.c^^Tp{F{X)). 
If F ^ Spt(5) is motivic fibrant, then for p G Z, we have a bijection 

^^p(F(X)). 

Proof. For X G Sm^, the functors evx ■ Spc,(S') o Spc, : smx given by {evx '■ F i-)- 
F{X)) and {smx : K ^ K f\ X+) form a Quillen pair with respect to the Nisnevich 
local injective model structure and motivic model structure on Spc,(S'). In particular, 
their derived functors induce an adjoint pair of functors on the homotopy categories. 
The first isomorphism of (1) follows immediately from this if F G Spc, (5) is Nisnevich 
fibrant and the first isomorphism of (2) follows if F G Spc, (5") is motivic fibrant. The 
second isomorphisms of (1) and (2) follow from the first set of isomorphisms by applying 
Theorem EXH and (l2XB . □ 

The following result follows immediately from Theorem 13.0.11 and [34] Lemma 4.1.4]. 

Lemma 3.1.3. Let E be a B.G. presheaf of simplicial sets (pointed simplicial sets, 
spectra) on Sm^. 

(1) Let E ^ E' be a Nisnevich fibrant replacement. Then E is A"^ -weak-invariant if 
and only if so is E' . 
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(2) E is -weak-invariant if and only if E is -local. 

Lemma 3.1.4. Let E be an A^-B.G. presheaf of simplicial sets (pointed simplicial sets, 
spectra) on Sm^. Let f : E ^ F be a motivic fibrant replacement. Then f is also a 
Nisnevich fibrant replacement of E. 

Proof. We consider the case of presheaves of spectra as the other cases are similar. Since 
F is Nisnevich fibrant (c/. § I2.2.2p and since the cofibrations in the motivic model 
structure are Nisnevich cofibrations, we only have to show that / is a Nisnevich local 
weak-equivalence. 

g f 

We factor / as a composition E ^ E' — > F, where 5 is a Nisnevich trivial cofibration 
(in particular, motivic trivial cofibration) and /' is a Nisnevich fibration. It follows from 
the 2-out-of-3 axiom that /' is a motivic weak-equivalence. We need to show that /' is 
a Nisnevich local weak-equivalence. 

Since F is Nisnevich fibrant and /' is a Nisnevich fibration, it follows that E' is Nis- 
nevich fibrant. In particular, g defines a Nisnevich fibrant replacement of E. Moreover, 
it follows from our assumption and Lemma |3. 1.31 that E' is A^-local. We conclude that 
E' is motivic fibrant. It follows now from Lemma 13.1.21 that /':£"—>■ F is in fact an 
object-wise weak-equivalence. In particular, /' is a Nisnevich local weak-equivalence. □ 

Theorem 3.1.5 (Motivic descent theorem). Let E be a presheaf of simplicial sets 
(pointed simplicial sets, spectra) on Sm^. Then E is A^-B.G. if and only if it is motivic 
quasi-fibrant. Furthermore, a motivic weak- equivalence E ^ F of A^-B.G. presheaves of 
simplicial sets (pointed simplicial sets, spectra) is an object-wise weak-equivalence. 

Proof. Suppose first that E \s a. presheaf of spectra which is motivic quasi-fibrant. Let 
f : E ^ E' he a motivic fibrant replacement. Then E' is Nisnevich fibrant (thus B.G.) 
and A^-local. It follows from Lemma 13.1.31 that E' is an A^-B.G. presheaf of spectra. 
Since E is motivic quasi-fibrant, f : E ^ E' is an object-wise weak-equivalence, thus a 
Nisnevich local weak-equivalence. So, / is a Nisnevich fibrant replacement, which is an 
object- wise weak-equivalence. So E is B.G. by Theorem l3.0.H and it is A^-weak-invariant 
by Lemma 13.1.31 We conclude that E is A^-B.G. 

Suppose next that E is an A^-B.G. presheaf of spectra. Let f : E ^ E' he a motivic 
fibrant replacement. It follows from Lemma 13.1.41 that / is also a Nisnevich fibrant 
replacement. The assertion that / is an object-wise weak-equivalent follows now from 
Theorem 13.0.11 Thus, E is motivic quasi-fibrant. 

To prove the second assertion for a motivic weak-equivalence f : E ^ F of A^-B.G. 
presheaves, we can form a commutative diagram 

(3.1.1) E^-^F 

E'^^F' 

where the vertical arrows are motivic fibrant replacements. They are object-wise weak- 
equivalences by the first part. It follows from the 2-out-of-3 axiom that /' is a motivic 
weak-equivalence. In this case, we have shown in the proof of Lemma |3 . 1 . 4 1 that /' is an 
object-wise weak-equivalence. We have just shown that the two vertical arrows are also 
object- wise weak-equivalences. It follows that / is an object- wise weak-equivalences. 
This proves the theorem for the presheaves of spectra. The cases of presheaves of 
(pointed) simplicial sets are proven in a similar way. □ 
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3.2. Consequences of the motivic descent theorem. We now list some conse- 
quences of Theorem 13 . 1 . 5 1 which wih shaU use several times in this paper. 

Corollary 3.2.1. The isomorphisms in Lemma \3.1.S^f l) hold for all B.G. pointed motivic 
spaces (spectra). The isomorphisms in Lemma \3.1.2Y 2) hold for all A^-B.G. pointed 
motivic spaces (spectra). 

Corollary 3.2.2. Let {Ei} he a filtered family of -B.G. presheaves of simplicial sets 
(pointed simplicial sets, spectra) on Svcis indexed by a right filtering category A. Then 
colimjgA Ei is motivic quasi- fibrant. 

Proof. This follows directly form Theorem 13.1 . 51 and the fact that colim^gA Ei is A^-B.G. 
by the proof of [Ml Corollary 4.2.7]. □ 

Definition 3.2.3. For a motivic spectrum E = {Eq, Ei, - ■ ■) over S, let E{n} denote the 
motivic spectrum {En, En+i, ■ ■ ■)■ Let m > —1. We say that E is an object-wise (resp. 
motivic) Vtg-spectrum above level m if the map a : En QgEn+i is an object-wise (resp. 
motivic) weak-equivalence for each n > m. An object-wise (resp. motivic) O^-spectrum 
above level m = —1 will be called an object-wise (resp. motivic) ri^-spectrum. 

Corollary 3.2.4. Let E be an A^-B.G. motivic spectrum over S, and let f : E ^ F be 

a motivic fibrant replacement. Then the following hold: 

(1) For each m,n,p > 0, the map Q'^'^^Fn+p is an object-wise weak- 
equivalence. 

(2) For each m,n>0, the motivic spectrum Q^F{n} is -stable motivic fibrant. 

(3) For each n > m, the map En — > Fn is an object-wise weak-equivalence if E is an 
object-wise Qg-spectrum above level m. 

Proof. Since a motivic spectrum is S'^-stable motivic fibrant if and only if it is level-wise 
motivic fibrant and a motivic Og-spectrum, it follows that each Fn is a motivic fibrant 
pointed motivic space. Since is cofibrant, we see that each Q.'^Fn is also motivic 
fibrant and the map Fn ^sFn+i is a motivic weak-equivalence. In particular, the map 
Rr2™F„ — )• 'BSl^'^^ Fn+p is a motivic isomorphism. Since all presheaves ^^Fn are motivic 
fibrant, it follows that the map i^^Fn — >■ is a motivic weak-equivalence for 

all m,n,p > 0. It follows now from Lemma |3 . 1 . 2 1 1 hat this map is in fact an object- wise 
weak-equivalence. This proves (1). 

Since we have just shown that each QJ^Fn is motivic fibrant and the map ^'f'Fn+p 
Q^+^Fn+p+i is a motivic weak-equivalence, it follows that Q^F{n} is S^-stable motivic 
fibrant, proving (2). 

For (3), we first apply Theorem 13.1.51 to deduce that / : — t- -F is an object- wise 
stable weak-equivalence. For n > m,p > and X € Sm^, we get now a sequence of 
isomorphisms 

TTpiEniX)) ~i colim 7rp+g(S„+g(X)) ~ Trp-n{EiX)) 
^ lp-n{F{X)) ~2 vrp(F„(X)), 

where ~^ holds because E is an object-wise ri^-spectrum above level m, and ~^ holds 
because F is an object-wise Og-spectrum. This completes the proof. □ 



3.3. A^-B.G. property of motivic spaces and motivic spectra. Our next goal is 
to characterize the A^-B.G. property of a motivic spectrum E in terms of the similar 
property of its levels. What we show below is that two conditions are related when E is a, 
motivic r^s-spectrum. The following well known adjoint property of the pointed internal 
hom functors will be used in what follows. 
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Lemma 3.3.1. Given any E G Spc,(S'), K € Spc, and U € Sm5, there is a canonical 
bijection of pointed simplicial sets: 

Hom,{K,E){U) ^Rom,{K,E{U)). 

It follows from Lemma 13.3.11 that for any E G Spc,(S') and U S Sm^, there is 
a canonical isomorphism {^[lgE){U) ~ Q,siE{U)). Since Hom,(S'-^,— ) preserves weak- 
equivalences and fibration sequences in Spc,, we conclude at once the following. 

Corollary 3.3.2. The functor Q si—) preserves object-wise weak-equivalences, B.G. prop- 
erty, and a} -weak-invariance of pointed motivic spaces. It preserves motivic weak- 
equivalences of -B.G. pointed motivic spaces. If E is an A^-B.G. pointed motivic 
space, then natural map QgE — > TiQsE is an isomorphism in H,{S). 

Proof. The first statement is obvious from Lemma [3. 3. II and the second statement follows 
from the first and Theorem 13.1.51 To see the last statement, just take a motivic fibrant 
replacement E — ?> E' , apply the second statement, and use the isomorphism QgE' ~> 

nnsE'. □ 

A motivic spectrum E will be called level-wise A^-B.G. if each En is A^-B.G. 

Corollary 3.3.3. Let f : E F be a level-wise motivic weak-equivalence of level-wise 
A^-B.G. motivic spectra. If E is a motivic Q,s-spectrum, then so is F. 

Proof. This is an immediate consequence of Theorem 13.1.51 and Corollary 13.3.21 □ 

Lemma 3.3.4. Let f : E ^ F be a morphism of level-wise A^-B.G. motivic Q,s-spectra 
on Sm^. Then f is an -stable motivic weak- equivalence if and only if each fn ■ En — >■ 
Fn is an object-wise weak-equivalence. 

Proof. Suppose that f : E ^ F is an S^-stable motivic weak-equivalence of level-wise 
A^-B.G. motivic ri^-spectra. Let us fix n,p > and U € Sm5. Since E and F are 
level-wise A^-B.G., we can apply Corollarv 13.2.11 to get 

TTpiEniU)) ~ [SP A [/+, ^„]ai [SP A U+, n^-^Em]j,l 

(3.3.1) [S^ A U+,Kn^-^E„,]j,, [^m+p-n ^ U+,En,]^, 

~4 colim [S^^+P-n A [/+, En,]j,i ~5 - n],E]j,i . 

The isomorphism ~^ in (|3.3.ip follows from our assumption that ii^ is a motivic Qs- 
spectrum, ~^ follows from Corollary 13.3.21 follows from the adjointness, ci'^ follows 
because the integer m ^ is arbitrary and ~^ follows from (|2.2.ip . By the same 
argument, we get 7rp(F„([/)) ~ — n],F]j^i. Since / is an S'^-stable motivic 

weak-equivalence, we conclude that the map fn ■ En ^ Fn is an object-wise weak- 
equivalence. The other direction in the statement of the lemma is obvious. □ 

Corollary 3.3.5. Let E be a level-wise A^-B.G. motivic Vis-spectrum. Then E is motivic 
quasi- fibrant. 

Proof. Consider an S'^-stable motivic fibrant replacement of E. Since an S'^-stable mo- 
tivic fibrant motivic spectrum is a level-wise motivic fibrant motivic ilg-spectrum, the 
corollary follows directly from Lemma 13.3.41 and Theorem 13.1.51 □ 

3.4. Motivic descent for (s,p)-bispectra. Given an open or a closed immersion of 
schemes A ^ B in Smg, let r2^/^(— ) denote the functor E Q^/j^E = (Q^/j^Eq, Q^/j^Ei, 
on Spt(S'), where il^/AE = T-Lom,{B/A, F) is the object-wise fiber of the map Hom{B, F) 
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T-lom{A, F) {cf. [m Corollary 1.10]) for F € Spc,(S'). In particular, there is an object- 
wise fiber sequence of presheaves of spectra 

(3.4.1) Qb/aE ^Eb^ Fa, 

where Fb{X) := F{B x X) = 'Hom{B,F){X). Recall {cf. [HI Corollary 3.2]) that 
given an object-wise fiber sequence of presheaves of spectra as in (j3.4.ip . the map 
Fb/{^b/aE) Fa is an object- wise stable weak-equivalence. 

The natural isomorphism A Fx — > (•S'"^ A F)x for any F G Spc,(S') and any X € 
Sms together with (j3.4.ip show that there is a natural map AQb/aEti ^B/AiS^ A 
Fn) for any F G Spt(S') and n > 0. Composing this map with the bonding map 
^b/a{S^ a Fn) — 7> QB/AiEn+i), we See that F Qb/aE is an endo-functor on Spt(S'). 

Moreover, there is a natural bijection }iomspt{s) i^B/AE,F) ^ Homspt(s)(^i ^B/A-^)- 
The following analogue of Corollary 13.3.21 for motivic spectra is immediate from The- 
orem [3lT3] and (I3.4.ip . 

Lemma 3.4.1. The functor ^b/a{~) preserves object-wise weak-equivalences, B.G. 
property, and -weak-invariance of motivic spectra. It preserves motivic weak-equivalences 
of -B.G. motivic spectra. If E is an A^-B.G. motivic spectrum, then the natural map 
Qb/aE ^^b/aE is an isomorphism in S'Hsi{S). 

If f : E ^ F is an -stable motivic weak- equivalence of A^ -B.G. motivic spectra, 
then ^B/Af '■ ^b/aE — > 0,b/aE is also an -stable motivic weak- equivalence. 

Recall from § 12.3.11 that an (s,p)-bispectrum F = {Em,n)m,n>o can be regarded as 
a sequence of motivic spectra E = {Eq,Fi,- ■ ■) with the bonding maps r : TixEn = 
T A En Fn+i for each n > 0. 

Definition 3.4.2. For an (s,p)-bispectrum F, we say that 

(1) £' is a motivic ^T-bispectrum if the adjoint of the bonding maps, t : En ^ 
il.TEn+1 are motivic weak-equivalences of motivic spectra over S for all n > 0. 

(2) E is A^-B.G. if each En is an A^-B.G. motivic spectrum for all n > 0. 

Theorem 3.4.3. Let f : E ^ F be a stable motivic weak-equivalence of A^ -B.G. motivic 
Qx-bispectra on Smg. Then f is a T -level-wise object-wise weak-equivalence, i.e., each 
fn '. En — > Fn IS an object-wise weak-equivalence. 

Proof. Suppose that f : E ^ F is a morphism of A^-B.G. motivic f^T-bispectra on Smg 
which is stable motivic weak-equivalence. Let us fix n > 0,p € Z and U € Sm5. Since 
F is (T-level-wise) A^-B.C, we can apply Corollarv 13 . 2 . 1 1 to get 

(3.4.2) [SfC/+[p],Rf)™-"i?^]Ai pr"5^^"~"5]f[/+,i?„]Ai 
^4 cohm [S--"Sr"-"SfC/+,i?„]Ai vrp_2„,-„(i?)(C/). 

m— >-oo 

The isomorphism ~^ above follows from our assumption that is a motivic Or-bispectrum, 
~^ follows from Lemma 13.4.11 ~^ follows from the adjointness, ~^ follows because the 
integer m ^ is arbitrary and ~^ follows from (j2.3.ip . By the same argument, we get 

It follows from our assumption and ()2.3.ip that the map TTp{Fn) TTp{Fn) induces 
an isomorphisms between the associated Nisnevich sheaves for all j? G Z. In particular, 
fn '■ En Fn is a Nisnevich local weak-equivalence, and hence an S'^-stable motivic weak- 
equivalence. Since these are A^-B.G. motivic spectra, it follows from Theorem 13.1 . 51 that 
/„ is an object-wise weak-equivalence. □ 
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Corollary 3.4.4. Let E he an {s,p)-bispectrum over S and let f : E E' be a stable 
motivic fibrant replacement. Then, E is an A^-B.G. motivic Q,T-bispectrum if and only 
if f is a T-level-wise object-wise weak-equivalence. 

Proof. The forward direction is obvious by Theorem 13.4.31 For the backward direction, 
note that each level E^ — )■ E'^ is an object-wise weak-equivalence, with E'^ is motivic 
fibrant, so that each E^ is A^-B.G. by Theorem 13. 1.5[ It only remains to see that E is 
a motivic f^r-bispectrum. This is an easy consequence of Lemma |3.4.1[ □ 

4. Singular semi-topologization 

For the rest of this paper, our base scheme is 5 = Spec(C). For a complex algebraic 
variety [/, we shall denote the associated complex analytic space by ?7°". This is the 
space t/(C) with the complex analytic topology. In this section, we recall the singular 
semi-topologization (=sst) functor of Friedlander- Walker from [131 Definition 10]. 

4.1. Definition and basic properties. We recall the sst-process by Friedlander- Walker, 
that transforms a presheaf on Schc into another presheaf on Schc- 

4.1.1. Simplicial category. Let T be a topological space, and let Varc be the category 
of complex varieties. Let (T|Varc) be the category whose objects are the pairs {f,U), 
where U E Varc a-nd f : T ^ U"""^ is a continuous map. A morphism from (/, U) to 
(g, V) is a morphism h : U ^ V oi varieties such that the induced continuous map 
y^an . jjan _^ yan g^tisfies /i"" ° f = 9- One checks that (r I Varc) is a small cofiltered 
category. 

We are particularly interested in the case when T is the topological n-simplex Aj^^p 
for n > 0. Recall that A'^p = {A"op}„>o is a cosimplicial space with the natural cofaces 
9* and the codegeneracies s*. 

Definition 4.1.1. Forn > and < i < n, define di : (At%|Varc)°P ^ (AJ'„p^|Varc)°P 
by 

Forn > and < « < n, define Si : (AS,p|Varc)°P (AJ'+^|Varc)°P by 

(At% ^ U'^n ^ (A^+i ^ A^op ^ U^. 

Using the cosimplicial identities of A'^p involving 9' and s*, one checks easily that 
(A*Qp|Varc)°P is a simplicial category. 

4.1.2. Realization and diagonal spectra associated to a simplicial spectrum. We briefly 
review the diagonal and the realization of a simplicial spectrum, i.e., a simplicial object 
in Spt. Recall first that for a bisimplicial set j4*^,, the realization \A\ is the simplicial 
set obtained by taking the coequalizer of the diagram 

(4.1.1) n AnX A[k] ^ l[AnX A[n], 

(Q!:[n]-!>[fe])eA°P n>0 

where the components of the two morphisms are (a,x,t) i— > (x,Q*(t)) and {a,x,t) i— > 
{a^{x),t). If A*^, is a simplicial object in the category of pointed simplicial sets, then |^| 
is obtained by replacing An x A[k] by An A (A[A:])_|_ in ()4.1.ip . The diagonal diag^ is 

the composite A°p A A°p x A°p Set. It is known ([21 Proposition B.l]) that there 
is a natural isomorphism of simplicial sets diagj4 ^ 
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If E : A°P Spt is a simplicial spectrum, then its realization spectrum \E\ is defined 
exactly as in M.l.ljl . where x A[k] is replaced by £'(A[n]) A (A[A;])+. A simplicial 
spectrum E is also a spectrum object in the category of pointed bisimplicial sets, i.e., 
E is a sequence {E'^^, , El^^ ,•'•)) where each £'"^ is a pointed bisimplicial set and there 
are bonding maps A£^"^ E'^^^- particular, the spectrum \E\ is a spectrum such 
that \E\n is the pointed simplicial set given by \El^J and the induced bonding maps 
S^A\EZ\ ^ \EZ+^\. 

The diagonal of E is defined as the spectrum diag-E such that (diag£^)„ = diag(£'"^). 
We have the map A Ep ^ E^^^ for each n,p > 0, where E^ = {E{A[p]))^. This is 

equivalent to the maps of pointed sets (S^), A E^^^ E^+^ for i ,n,p>0. Hence, we get 
the maps {S^)p A Ep p -E-p.p ^ and these give rise to the bonding maps A (diag £')„ — )• 
(diagi?)„+i of the spectrum diagS. It follows from the case of bisimplicial sets that for 
a simplicial spectrum E, there is a natural isomorphism diag-E ^ \E\. 

If £^ is a presheaf of simplicial spectra on Sch^ or Sms, we define its realization and 
the diagonal presheaves of spectra by defining these presheaves object- wise. We conclude 
that for a simplicial presheaf of spectra E on Sch5 or Sm5, the map diagii^ ^ \E\ is 
an isomorphism of presheaves of spectra. Thus, from now on, we won't distinguish the 
diagonal and the realization for simplicial presheaves of spectra. 

4.1.3. Semi-topologization. 

Definition 4.1.2 (Friedlander- Walker [13]). Let E he a presheaf of simplicial sets 
(pointed simplicial sets, spectra, complexes of abelian groups) on Schc- Let X G Schc 
and let T be a topological space. Define E(T x X) := colim(j ;7)g('p|Varc)°p ^ 

Let £'(A*Qp X X) be the bisimplicial set (simplicial pointed simplicial set, simplicial 
spectrum, simplicial object in the category of complexes of abelian groups) {E{A^^p x 
X)}„>o. Let E^^^{X) be the realization \E{A'^p x X)\ (or the diagonal), which is a 
simplicial set (pointed simplicial set, spectrum, complex of abelian groups). This E^^^ 
is a presheaf of simplicial sets (pointed simplicial sets, spectra, complexes of abelian 
groups) on Schc. We call it the (singular) semi-topologization of E. 

There is a natural morphism of presheaves te ■ E ^ E^^^ on Schc and this defines a 
natural transformation r : Id — )• ( — )®®* of functors on presheaves on Schc- 

The following elementary result about the semi-topologization for presheaves on Schc 
will be used often in this text. 

Lemma 4.1.3. Let E be a presheaf of simplicial sets (pointed simplicial sets, spectra) 
on Schc and let X G Schc- Define a presheaf Ex on Schc by Ex{U) := E{U x X). 
Then, there is a natural identification (ExY^^ = {E^^^)x. 

Proof. It follows from the definitions that for U € Schc, 

{E^^')xiU) = E^^\XxU) = \{E{A^,^xXxU)}^J 

= ll colim E(CxXxU)\ I = || colim Ex(CxU)\ I 

= \{Ex{A^o^xU)}^J = {Exr\U). 

□ 

4.2. A^-weak-invariance of semi-topologization. When is a presheaf on Smc, it 
is well-known that the realization of E{A' x — ) is A-^-weak-invariant, where A" is the 
algebraic n-simplex. (c/. [3 Proposition 7.2], [8l p. 150]). In this subsection we shall 
prove the A^-weak-invariance of its semi-topological analogue. 
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Theorem 4.2.1 (A-'^-weak-invariance). Let E be a presheaf of simplicial sets (pointed 
simplicial sets, spectra) on Schc- Let X S Schc and let tt : h} x X ^ X he the 
projection. Then vr* : E^^^{X) E^^^{A^ x X) is a weak- equivalence of simplicial sets 
(pointed simplicial sets, spectra). In other words, E^^^ is -weak-invariant. 

Proof. Step 1: We first show that the two morphisms E^^^{A^ x X) ^ E^^^{X) induced 
by the maps iq x Idx, 'ii x Idx ■ X ^ A^ x X are simplicially homotopic and they induce 
the same homomorphisms in homotopy groups, where io,ii : Spec (C) A^ map the 
singleton to the points {0}, {!}. Its proof is almost identical to that of [3 Lemma 7.1], 
except that we need to replace A" suitably by A^^p. 

Given any n > and a continuous map h : A^^p — > U""" in (A"op|Varc)°P, let h* 
denote the canonical map E{U x X) E(A]^^p x X). Let /, be the simplicial set 
corresponding to the poset {0 < 1}, i.e., n-simplices are /, are nondecreasing sequences 
Jo < Ji < ■ ■ ■ < jn with jk G {0 < 1}. Note that / = |/, | = [0, 1]. Choose any continous 
function g : I ^ (A^)"^" that sends the end points of / to the points {0}, {1} G A^, 
respectively. We have an explicit simplicial homotopy 

H:Ix |i?(A'op X Ai X X)l = [/. X EiAl^ x A' x X)\ ^ |i?(A'op x X)\ 

defined as follows: let j G In and let m G E{A^^p x A^ x X) be represented by a class 
ruh G E{U X A^ X X) under a continuous map h : A^^p U"'"' in (A"op|Varc)°P. We 
write m = h*{mh) for simplicity. Consider fj : A^^p — > A^^p x / defined to be the 
linear morphism sending the k-th vertex Vk G A^^p to Vk x jk G A^^p x /. Define the 

continuous composition hj : Ag^p ^ ^top x ^ ^-^^ t^"" x (A^)"" = {U x A^)"". We 
define H^ij x m) G ^^(AJ^op x X) to be the class of h*{mh). Then {Hn} gives the desired 
simplicial homotopy. 

Step 2: We now show that the map vr* : E^^^{X) E^^^{A^ x X) given by the 
projection vr : A^ x X ^ X is a weak-equivalence. This part of the proof is almost 
identical to that of [TJ Proposition 7.2]. 

The composition {io x Idx)* ott* : E^^^{X) E^^^{A'^ x X) ^ E^^\X) is the identity 
on E^^^(X). For the composition in the opposite order, we have: 

Claim, vr* o (ig x Idx)* is simplicially homotopic to the identity map on E^^^{A^ x X). 

Let m : A^ X A^ ^ A^ be the morphism given by (a, b) i— >■ ab. Let mx := m x Idx- 
One sees that for the compositions (where / = and 1), 

mx o [ii X Id^ixx) : A^ X X ^ A^ X A^ X X ^- A^ X X, 

we have the identities 

f mx o (io X Id^ixx) = (^o x Idx) ° tt, 
\ mx o (ii X Haixx) = MaixX, 

which imply that 

f (io X Id^ixx)* om*x = 7r* o (ig x Idx)*, 
1 (n X Id^ixx)* o"ix = Wi5sst(AixX)- 

But, by Step 1 (with X replaced by A^ x X), the maps {ii x Id^ixx)* '■ E^^^{A^ x A^ x 
X) — )• E^^^{A^ X X) for / = 0, 1 are simpficially homotopic. Hence vr* o (io x Idx)* and 
IdEsst(Aixx) are simplicially homotopic by [15, Corollary 9.5.4], proving the Claim. This 
shows that n* is a simplicial homotopy equivalence (in the sense of [15^ Definition 9.5.8]) 
so that by [15^ Proposition 9.5.16], the map vr* is a weak-equivalence. □ 
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4.3. Semi-topologization and A-product. In this section, we study the behavior of 
the sst-process with respect to various operations related to the A-product. This is used 
later in the study of semi-topologization of T-spectra and (s,p)-bispectra. 

Recall that for two pointed simplicial sets A and B (all base points are denoted by 
their wedge product is defined as 

AAB:={Ax B)/{Ay B), 

where the join Ay B is the union (^4 x U (★ x i?) in A x B. 

For two presheaves E and F of pointed simplicial sets on a category C, the presheaf 
E A F on C IS defined object-wise as {E A F){U) = E{U) A F{U). In particular, one still 
has the formula E A F = {E x F)/{E V F). When F is a presheaf of spectra on Schc 
while E is as above, we can define EAF level-wise, namely, E AF = {E AFq, E AFi, ■ ■ ■). 

Proposition 4.3.1. Let E, F, F' be presheaves of pointed simplicial sets on Schc. Then 
we have the following identities, where (1), (3) are identities in the category of presheaves 
of (unpointed) simplicial sets on Schc. 

(1) (E X FY^^ = E^^^ X F^^*. 

(2) {E V FY^^ = E^^^ V F^^*. 

(3) IfFc F', then {F'/Ff^^ = F'^^^/F^^K 

(4) {E A FY^^ = E^^^ A F^^*. 

(5) When E is as above and F is a presheaf of spectra on Schc, we have (EAFY^^ = 

Proof. Let X G Schc be a fixed scheme. For (1), recall that the product E x F is 
defined object-wise as {E x F){U) := E(U) x F{U) for each U € Schc. In particular, 
{E X F){U xX) = E{U xX)x F{U x X). 

Now, over the objects (/ : A"qp U"'^) of the filtered category (A"op|Varc)°P, we 
take the filtered colimit. Note that products are finite limits, and by |291 § IX. 2 Theorem 
1] finite hmits commute with filtered colimits. Thus, [E x F)(A"qp x X) = F(A"op x 
X) X F(A5^Qp X X). Taking the diagonals, this immediately implies (1). 

For (2), a similar argument works. Namely, for each U € Schc, we have a push-out 
(a colimit) diagram 

★ X ★ > * X F{U X X) 



E{U X X) X * > {E V F){U X X) 

and we take the filtered colimits over the objects (/ : A^^p — > U""^) of (A^^plVarc)"''. 
Colimits commute among themselves (by Fubini theorem for colimits, see ^29^ § IX. 8]) 
so that we deduce that {E V F)(A['„p x X) = F(At"„p x X) V F(AJ^„p x X). This implies 
(2), by taking the diagonals. 

For (3), for presheaves F C F' , the quotient presheaf F' /F satisfies {F' / F){U) = 
F'{U)/F{U) for U G Schc. In particular, F'{U x X)/F{U x X) is the push-out 

F{U X X) > F'{U X X) 



* > F'{U X X)/F{U X X). 

Taking the filtered colimits over (A^^pl Varc)°'' and then the diagonals, we deduce (3). 
Now, (4) follows from (1) - (3) 

For (5), since the limits and colimits of spectra are all defined level- wise, this part 
follows from (4). This completes the proof. □ 
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5. Semi-topologization of presheaves on smooth schemes 

In this section, we discuss how one can define semi-topologization for presheaves de- 
fined on Smc and study its properties. Some of the properties are analogous to those of 
the semi-topologization functor on presheaves on Schc. 

5.1. Presheaves on smooth schemes. For a presheaf E of simplicial sets (pointed 
simplicial sets, spectra) on Schc, we used the categories (A"Qp|Varc)°P to define E^^^. 
If E is defined only on Smc a priori, then one may want either to extend the functor F 
to all of Schc, or to shrink the indexing categories to, say, (A"Qp|Smc)°P. 

Both raise some issues. Extension of a functor from Smc to Schc is not unique 
so that one may face a well-definedness problem. On the other hand, the inclusion 
(AJ^Qp|Smc)°P) ^ (AJ^Qp|Varc)°'' is not cofinal. Furthermore, the indexing categories 
(A"Qp|Smc)°P are not filtered, so that the colimits over them may have poorer properties. 

To avoid such problems, we shall use only a particular sort of functorial extension 
process (that we call the artificial extension) to obtain a presheaf on Schc, and then we 
apply the sst-process as defined in Section [H More generally, we prove that there is a 
functorial way to extend presheaves on Smc of objects in a cocomplete category Ai to 
presheaves on Schc. 

Definition 5.1.1. Let W G Schc. Consider objects of the form (/, X), where X G Smc 
and f : W X is a morphism of C-schemes. Given two pairs {f,X) and (g,Y), with 
X,Y €z Smc, a morphism ■!/; from {f,X) to {g,Y) is defined to be a morphism of C- 
schemes ip : X ^ Y such that ip o f = g. Let (Ty|Smc)°P be the category of equivalence 
classes of the pairs (/, X) with the above morphisms. This is a small category. 

Definition 5.1.2. Let be a presheaf on Smc of objects in a cocomplete category Ai. 
For W € Schc, define the artificial extension E E hy 

E(W) := colim E(X). 

(/,X)e(H'|Smc)°P 

Note that if G Smc, then (VF|Smc)°P has the terminal object (Idvy,!^) so that 
E(W) = E{W). It is easy to verify that given (p : W ^ W in Schc, the assignment 
(/ : W — > X) I— > (f o (p : W X) makes E a presheaf on Schc of objects in A4. One 
verifies that the artificial extension process defines a functor on the category of functors 

(5.1.1) ext : Funct(Sm°P, M) Funct(Sch°P, M). 

In the opposite direction, we also have the restriction functor rest : Funct(Sch^^, A4) 
Funct(Sm^^, A^) and it is clear that rest o ext = Id. However, the reader should be 
warned that there is a natural transformation ext o rest — >■ Id, which is far from being 
an isomorphism in general. 

Definition 5.1.3. Let E he a presheaf of simplicial sets (pointed simplicial sets, spec- 
tra) on Smc. We define its semi-topologization as the presheaf (ext(^)) Ism^ — 
-E'^^*|smc = rest o sst o ext(£') on Smc. The resulting presheaf will be denoted by E^^^. 

Immediately from Theorem 14. 2. 1^ we get the following: 

Proposition 5.1.4. Let E be a presheaf of spectra on Smc. Then, E^^^ is -weak- 
invariant. 

5.2. The recognition principle. The semi-topologization of presheaves of simplicial 
sets (pointed simplicial sets, spectra) on Smc defines a natural transformation of functors 
Id — >■ (— )^^*. In order to deal with the semi-topologization for presheaves of spectra on 
Smc, the following recognition principle of Friedlander- Walker in [13^ Theorem 11] is a 
very important technical tool. We recall it in the form we use: 
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Theorem 5.2.1 (Friedlander- Walker recognition principle). Let E and F he presheaves 
of spectra on Schc and let f : E ^ F be a morphism of presheaves, which is an object- 
wise weak- equivalence on Smc- Then \E{A*^p)\ — )• |F(A[qp)| is a weak- equivalence. 

The recognition principle will be often used in this paper in the following form. 

Theorem 5.2.2. (1) If f : E F is a morphism of presheaves of spectra on Schc, 
which is an object-wise weak-equivalence on Smc, then /^^* : E^^^ F^^^ is an 
object-wise weak- equivalence on Smc- 
(2) If f : E ^ F is a morphism of presheaves of spectra on Smc, which is an object- 
wise weak-equivalence, then /®®* : E^^^ — )• F^^^ is an object-wise weak-equivalence 
on Smc- 

Proof. We first prove (1). It follows from our assumption that for any X S Smc, the 
map Ex — Fx is an object- wise weak-equivalence on Smc- It follows from Theo- 
rem [527T] that the map (£'x)^^* (Spec(C)) (Fx)^^^ (Spec(C)) is a weak-equivalence. 
We can now apply Lemma 14.1.31 to conclude that the map E^^^(X) — > F^^^{X) is a 
weak-equivalence. 

To prove (2), notice that our assumption implies that the map S ^ F is an object- 
wise weak-equivalence on Smc. It follows from (1) that the map E^^^{X) — )• F^^^{X) 
is a weak-equivalence for X G Smc. But this is equivalent to saying that the map 
E^^*'{X) — )• is a weak-equivalence. □ 

Remark 5.2.3. We remark that if is a presheaf of spectra on Schc (or on Smc) that is 
already A^-weak- invariant on Smc, then A^-weak-invariance of E^^^ on Smc is a trivial 
consequence of Theorem 15.2.21 without resorting to Theorem 14.2.11 or Proposition 15.1.41 
Indeed, for such E, the morphism E — )• Eji^i is an object-wise weak-equivalence on Smc. 
Hence, by Theorem 15.2.21 so is E^^^ (E'^i)®®*. By Lemma 14.1.31 this means E^^^ is 
A^-weak-invariant on Smc- For the purpose of this paper, this is enough. 

5.3. Commutativity between the loop space and the sst-functors. Recall that 
for a map f : E F oi presheaves of pointed simplicial sets on Smc or Schc, the fiber 
fib(/) is defined via the Cartesian square 

(5.3.1) fib(/)^ii; 

/ 

★ > F. 

The sequence of maps fib(/) E F will be called a fiber sequence. The reader should 
be warned that this is not same as a homotopy fiber sequence unless / is a fibration. 

Recall from § l3.4l that given an open or a closed immersion of schemes A B in Smc, 
the functor ^b/a{~) on Spt(C) is by definition E i— )• Q^/j^E = (fi^/^i^Oi ^s/A-^'i, • • • )) 
where Q^^y^En = 'Hom,{B /A, En) = fib {'Hom{B , En) 'Hom{A,En)). There is thus 
an object-wise fiber sequence of presheaves of spectra 

(5.3.2) Qb/aE -^Eb^ Ea, 

where Eb{X) = E{B x X) = nom{B,E){X). 

For any B £ Smc, the natural map 'Hom{B,E) Hom^B , E^^^) defines a natural 
transformation 'Hom{B, E)^^^ — > T-Lom^B, E^^^) and using ()5.3.2p . we see that there is a 
natural transformation of functors {^b/a{~))^^^ ~^ ^B/A{i~)^^^)- As another applica- 
tion of Theorem 15.2.21 we prove the following. 

Proposition 5.3.1. Given A (1 B in Smc and E € Spt(C), there is an object-wise 
weak- equivalence {^Ib/a^)^^^ ^}b/a{E^^^) of motivic spectra over C 
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Proof. Let E denote the artificial extension of E to Sch^ and let Eb denote the presheaf 
of spectra Eb{X) = E{B x X) on Schc- Let ^Ib/aE denote the object-wise fiber of 
the map Eb — >• Ea- Since the restriction of Eb on Smc coincides with Eb (since B is 
smooth), we see that there is a fiber sequence of presheaves of spectra on Schc 

(5.3.3) Qb/aE -^Eb^ Ea, 

which restricts to (I5.3.2P on Spt(C). 

We also notice that there is a map of presheaves of spectra Eb — > Eb on Schc, which 
is natural in B, and which is an isomorphism on Smc (both are isomorphic to Eb)- 
Using (|5.3.3p . we see that there is a map of presheaves of spectra fib [Eb Ea) 

Qb/aE on Schc which is an isomorphism on Smc. Set Q^b/a^ = fib (^Eb — > Ea)- We 
conclude that there is a commutative diagram of presheaves of spectra on Schc 

(5.3.4) ^b/aE >^ >^ 



^b/aE > Eb > Ea 



^b/aE > Eb > Ea, 

where the bottom two rows are object-wise fiber sequences and all vertical arrows are 
isomorphisms on Smc. Let u : 0,b/aE ^b/aE denote the composite vertical arrow 
on the left. 

Since filtered colimits commute with fiber products (in fact, they commute with all 
finite limits), the above diagram gives us for every n > 0, a commutative diagram of 
presheaves of spectra on Schc 

(5.3.5) (h^E{^^,^ X -) ^ ^(A^op X -) ^ :^(Arop x -) 



nBM^(Arop X -) ^ ^B(Arop X -) ^ Ea{/^% X -), 

where the two rows are object-wise fiber sequences. 

Since the two rows in (j5.3.5p are object-wise fiber sequences and since the fiber of 
a map of spectra is defined level-wise, taking the diagonals of these maps of simplicial 
spectra as in § 14.1.21 we get a commutative diagram of presheaves of spectra on Schc 

(5.3.6) {^h^Ef-^ {E^f-^ {Ea)'-^ 



{VLb/aET^' {Eb)''' {EaT'', 

where the two rows are object-wise fiber sequences. Since each vertical arrow in (j5.3.4p 
is a morphism between two presheaves of spectra on Schc which is an isomorphism on 
Smc, we conclude from Theorem 15.2.21 that each vertical arrow in (j5.3.6p is an object- 
wise weak-equivalence on Smc. 

It is immediate from the definition and Lemma [4.1.3l that the map (Eb)''^ — ?• {E^^^)b = 
(E^^^)b is an isomorphism on Smc, and the same is true for Ea- Composing the vertical 
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maps in (|5.3.6p with these isomorphisms and using the identification (Eb)^^^ = (EbY^^, 
we get a commutative diagram of presheaves of spectra on Smc 



(5.3.7) i^B/AEr' {EBr' (i?, -^^^* 



A) 



A, 



where the two rows are object-wise fiber sequences and the vertical arrows are object- wise 
weak-equivalences in Smc. 

Finally, in the sequence of maps (Qb/aE) > (Qb/aE) Qb/a{E ), the 

second map is an isomorphism since the bottom row of (j5.3.7p is an object-wise fiber 
sequence. The composite map is an object-wise weak-equivalence on Smc by The- 
orem 15.2.21 since the map Qb/aE — > ^b/aE is an isomorphism on Smc, as shown 
in (|5.3.4[) . It follows from the 2-out-of-3 axiom that u^^* is an object-wise weak-equivalence 
on Smc. Since {Qb/aET^^ = (I^b/a^)^^* and Qb/a{E^^^) = ^b/a{E^^^), we conclude 
the proof of the proposition. □ 

Applying Proposition 15.3.1] to t = {Gm, 1) and T = {F^, oo), we conclude: 

Corollary 5.3.2. Given E £ Spt(C), there are object-wise weak- equivalences {CltEY^^ — )• 
ntiE^^^) and (Jlr-E)^^* ^ J]t(^^'**) of motivic spectra over C. 

Remark 5.3.3. Using the fact that 0,giE{X) = ilgi {E{X)) for any presheaf of spectra 
E on Schc and that QgiE = ^giE for any presheaf of spectra E on Smc, it is relatively 
easy to show that the map (figii?)®®* Qsi{E^^^) is an isomorphism for any presheaf 
of spectra E on Smc. 

6. HOMOTOPY SEMI-TOPOLOGIZATION 

In this section, we prove that the classes of B.G. and A^-B.G. presheaves of spectra 
remain invariant under semi-topologization. We prove similar results for (s,|))-bispectra. 
As a consequence, we will define the homotopy semi-topologization (host) functor on the 
level of motivic homotopy categories. 

6.1. B.G. property and semi-topologization. We begin with the following elemen- 
tary results. 

Lemma 6.1.1. Let E be a simplicial spectrum such that each Ep := E{A[p]) for p > 
is a cofibrant spectrum. Then diag E is also cofibrant. 

Proof. According to Theorem 12. 2. H we need to show that the map A (diagii')„ — > 
(diag E)n+i of pointed simplicial sets is a monomorphism for each n > 0. Recall that for 
a monomorphism A ^ B oi simplicial sets, B /A is the simplicial set given by {B/A)n = 
Bn/An and for two pointed simplicial sets A, B, one has {A x B)n = A^ x Bn and 
{A A B)n = An A Bn- Thus we need to show that the map of pointed sets {S^)p A 
(diag E)n,p — > (diag i?)„+i^p is a monomorphism for each n,p>0. 

However, (diag-E')„_p is same as Epp for each n,p > (see § I4.1.2P and {S^)i A E^^^ — > 
Ep~l^ is a monomorphism for all p,i > since each Ep is given to be cofibrant. In 
particular, the map {S^)p A (diagi?)„,^p (diag£')„+i.p is a monomorphism. □ 

Lemma 6.1.2. Let f : E F be a morphism of simplicial spectra such that each map 
fp : Ep ^ Fp (see Lemma \6. 1 . 1]) for p > is a cofibration of spectra. Then the map 
diagi? diag-F, thus \E\ — > \F\ as well, is also a cofibration. 
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Proof. Recall that a cofibration of spectra is, in particular, a level-wise monomorphism 
of simplicial sets. So, the map f : E ^ F is a level-wise monomorphism of bisimplicial 
sets. This also shows that the map di&gE — t- diag-F is a level-wise monomorphism 
of simplicial sets. According to § 12.2.11 and Theorem I2.2.H we need to show that the 
spectrum diagF/diagi? is cofibrant, where (diag F/diag = (diag F)„/(diag £')„. 

We set G = F/E, where G^g = F^JEI^. Since {S^^F'^)/{S^ A E'^) ~ 5^ A {F^ / E"^) 
for each n,p > 0, we see that G is a simplicial spectrum. Furthermore, it follows from 
the definition that 

(diagG)„,p = Gl^p = F^.p/E^^p = (diagF)„,p/(diagS)„,p = (diagF/diagF;)„,p. 

We conclude that diagG = diag F/diag ii^. Hence by Lemma I6.1.H it suffices to show 
that Gp is a cofibrant spectrum for each p >0. However, the spectrum Gp is same as the 
spectrum Fp/Ep and our assumption that Ep — )■ Fp is a cofibration, implies that Fp/Ep 
is cofibrant. This proves the lemma. □ 

Since Nisnevich or motivic cofibrations between presheaves of spectra on Sm^ are ex- 
actly object- wise cofibrations, the following is an immediate consequence of Lemma [6.1.2[ 

Corollary 6.1.3. Let f : E ^ F be a morphism of presheaves of simplicial spectra on 
Schc such that each map fp : Ep ^ Fp for p > is an object-wise cofibration. Then the 
map diagF' — )• diagF, thus \E\ \F\ as well, is an object-wise cofibration. 

If f : E ^ F is a morphism of presheaves of simplicial spectra on Smc such that each 
map fp'.Ep^ Fp for p > is a Nisnevich (motivic) cofibration of presheaves of spectra, 
then diagii^ — ?> diagF", thus \E\ — )• \F\ as well, is a Nisnevich (motivic) cofibration. 

Proposition 6.1.4. Let E ^ F G be an object-wise homotopy cofiber sequence of 
presheaves of spectra on Schc • Then 

j^sst f^*'^ psst 9'^^*' ^ G^^^ 

is an object-wise homotopy cofiber sequence on Smc. 



Proof. Recall from [2, §A 2] that saying that E ^ F ^ G is an object-wise homotopy 
cofiber sequence, is equivalent to saying that there is a commutative diagram 

(6.1.1) E^F'^F'/E 



f 



h 



9 



E-^F—^G 

of presheaves of spectra on Schc such that /' is an object-wise cofibration and h and p 
are object- wise weak-equivalences. It follows from Theorem 15.2.21 that /i^^* and p®^* are 
object-wise weak-equivalences on Smc- Using Proposition 14.3. iT S). it only remains to 

j' sst 

show that the map is an object-wise cofibration. Equivalently, we need 

to show that the map diag(i?) — > diag(F') is a cofibration, where E is the presheaf of 
simplicial spectra on Schc defined by E{A[p]){—) = E{A^^p x — ) (see Definition I4.1.2p 
and F' is defined similarly. 

Since i?(A[p]) — > F'(A[p]) is a filtered colimit of object-wise cofibrations, it follows 
from j32a Proposition 3.2] that this map is an object-wise cofibration for each p > 0. 
Hence, by Corollary 16.1.31 the map diag(i?) — >■ diag(F') is an object-wise cofibration. 
This finishes the proof. □ 
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Theorem 6.1.5. Let E be a presheaf of spectra (complexes of abelian groups) on Smc. 
IfE is B.G., then so is E^^\ If E is A^-B.G., then so is E^^\ 

Proof. We shall prove this result for presheaves of spectra as the other one is a special 
case by replacing a chain complex of abelian groups by the associated Eilenberg-MacLane 
spectrum via Dold-Kan. 

We prove the first statement. Via the artificial extension in Definition l5.1.2l we regard 
ii^ as a presheaf on Schc. Given X G Smc, we define a presheaf Ex on Schc by letting 
ExiY) := E[X X Y) for Y G Sch^. Given a Nisnevich square as in ()3.0.5p . where all of 
X, [/, V, W are in Smc with = [/ xx ^, we have a commutative diagram of presheaves 
of spectra on Schc 



5.1.2) 



Ex 



^Eu 



n 



h2 



Ey !■ E\Y. 

This is object-wise homotopy Cartesian on Smc because E is B.G. by the given as- 
sumption. Equivalently, this square of presheaves of spectra is object-wise homotopy 
co-Cartesian on Smc. 

Let Gi and G2 denote the object-wise homotopy cofibers of the morphisms ji and /i2, 
respectively. Then the above square is object-wise homotopy co-Cartesian on Smc if 

and only if the map Gi G2 is an object- wise weak-equivalence on Smc. Hence, we 



deduce from Theorem 15.2.21 that G^^ — — > is an object- wise weak-equivalence on 
Smc. 



On the other hand, by Proposition 16.1.41 there is a commutative diagram 
(6.1.3) 



JSSt 

^1 



„-sst 
J2 



rpsst 



hf*- 



hf 



-^Gf\ 



where the rows are object-wise homotopy cofiber sequences of presheaves of spectra on 
Smc. Since /i^^* is an object-wise weak-equivalence on Smc, we deduce that the left 
square in (|6.1.3p is object-wise homotopy co-Cartesian on Smc. Equivalently, this square 
is object-wise homotopy Cartesian on Smc. Evaluating this at Spec(C) and applying 
Lemma 14.1.31 it follows that 



(6.1.4) 



,-sst 

Jl 



^sst 

J2 



E^^\V) E^^\W) 

is a homotopy Cartesian square of spectra. 

The second statement follows from the first and Remark 15.2.31 (or Proposition 15.1.^ . 
This proves the theorem. □ 

Applying Theorems 13.1.51 15.2.21 and 16.1.51 we conclude: 

Corollary 6.1.6. If f : E ^ F is an -stable motivic weak- equivalence of -B.G. 
motivic spectra on Smc, then /^^* : E^^^ F^®* is an object-wise weak-equivalence of 
A^-B.G. motivic spectra on Smc- 
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Corollary 6.1.7. There exists an endo-functor host : ST-Lsi{C) — t- S'Hgi{C), which 
coincides with the sst -functor on A^-B.G. motivic spectra up to isomorphism. 

Proof. We have aheady seen that sst : Spt(C) — )■ Spt(C) is a functor and it follows from 
Theorem 16.1.51 that this functor preserves A^-B.G. motivic spectra. Since an 5^-stable 
motivic fibrant motivic spectrum is Nisnevich fibrant and A^-local, it is A^-B.G. by 
Lemma 13.1.31 It follows from Corollary 16. 1.61 that the sst-functor takes a trivial motivic 
fibration between S^-stable motivic fibrant motivic spectra into an 5^-stable motivic 
weak-equivalence. Thus, by Proposition 8.4.8] there exists a right derived endo- 
functor host : 57^51 (C) — > 57^51 (C), which coincides with the sst-functor on A-'^-B.G. 
motivic spectra up to isomorphism. □ 



6.2. Semi-topologization of (s,p)-bispectra. Recall that an (s,p)-bispectrum E is 
given by a sequence of motivic spectra {Eq,Ei, • • • ) together with the maps e„ : T/\En 
En+i for each n > 0. The map e„ yields a map (T A E'n)^^* — )• -E^+i, which is equal 
to the map T^^* A E^^ -^n+i by Proposition 14.3.11 Composing this with the natural 
map T A E^^^ T^^* A E^^\ we get the natural map T A E^^^ E^^^ that we call e^^*. 
This gives an (s,p)-bispectrum E^^^ := {Eq^^ , Ef^^ , ■ ■ ■). It is easy to see that given a 
morphism f : E ^ F of (s,p)-bispectra, there is a commutative diagram in Spt(-gp)(C): 



(6.2.1) 



E- 



E 



sst 



^F' 



sst 



Recall from Definition 13.4.21 that an (s,p)-bispectrum E = {Eq,Ei, • • • ) is called A^- 
B.G. if each En is an A^-B.G. motivic spectrum and, E is called a motivic ilT-bispectrum 
if the adjoints of the bonding maps : — > f^T-Sn+i are S^-stable motivic weak- 
equivalences for all n > 0. The following result for (s,p)-bispectra follows from the 
analogous result for motivic spectra proven before. 

Theorem 6.2.1. The functor sst : Sptj-^, ^•((C) — > Sptj-^ ^•((C) satisfies the following 
properties: 

(1) The class of A^-B.G. {s , p) -bispectra is closed under the sst-functor. 

(2) The class of A^-B.G. motivic VLx-hispectra is closed under the sst-functor. 

(3) If f : E ^ F is a stable motivic weak- equivalence of A^-B.G. motivic Qt- 
bispectra, then /^^* : E^^^ — )■ F^®* is a T-level-wise object-wise weak-equivalence 
of A^-B.G. motivic Q.T-bispectra. 

Proof. The first part follows directly from Theorem 16.1.51 To prove the second part, let 
E be an A^-B.G. motivic f^T-bispectrum. We first use Lemma [3.4.11 to deduce that each 
^tEu is an A^-B.G. motivic S'^-spectrum. Using this. Theorem 13 . 1.51 and Corollary [6TL61 
we see that the map E^^ (ri-rF^+i)®®* is an object-wise weak-equivalence. It follows 
now from Corollary 15. 3. 21 that the map {E^^^)n VtT{{E^^^)n+i) is an object-wise weak- 
equivalence, thus an S^-stable motivic weak-equivalence. The third part follows by 
combining the first two parts with Theorems 13.4.31 and 15.2.21 □ 



Before we get to the final result of this section, we consider one more situation. Recall 
that for a morphism f : E ^ F in Spt(^p)(C), the cone C{f) is defined in terms of the 
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push-out square 
(6.2.2) 



F- 



f 



f 



where A[l] is pointed by one. Collapsing of F to the base point of T^gE = E A and 
using the quotient map E A A[l] E A S^, there is a unique map 6f : C{f) — )• T^gE. 
This gives rise to a sequence of maps 



(6.2.3) 



E Uf U C{f) % T,sE. 



Lemma 6.2.2. Let f : E ^ F be a morphism of {s,p)-bispectra over C, and consider 
the associated push-out square (j6.2.2p . Then, the following is also a push-out square: 



(6.2.4) 



E' 



sst 



HAO 



A A[l] 



f sst 

^sst i ^ ^(j(^f^Y^t_ 



Proof. For any given presheaf G of pointed simplicial sets (resp. spectra) on Smc, the 
presheaf G denotes its artificial extension on Schc as in Definition 15.1.21 This naturally 
extends (s,p)-bispectra over Smc to (s,p)-bispectra over Schc, defined in the obvious 
way. Recall that the push-out of a diagram of presheaves of (s,p)-bispectra is defined 
object- wise, and one has A A[l] ~ ^ A A[l]. 

We know that the push-out diagram ()6.2.2p is same as the colimit of the finite diagram 
(F E E A A[l]) . Since the artificial extension is defined in terms of a colimit and 
since the colimits commute among themselves (c/. \29\ § IX.8]), we see that ()6.2.2p 
remains a push-out square if we replace the underlying presheaves by their artificial 
extensions. So, we may assume that the underlying presheaves of E and F are defined 
on Schc. The commutativity of two colimits with each other also implies that the 
diagram 



.2.5) 



mi 



MAO 



top 



top 



AA[1] 



top 



-) 



->C(/)(A" X-) 



remains a push-out square for each n > 0. We next use the adjointness isomorphism of 
the hom sets 

(6.2.6) Rome {X A A[k]+,Y) ^ Rome {X,nom,{A[k]+,Y)) 

in the category C of presheaves of (s,p)-bispectra on Schc, and deduce that (j6.2.5p 
remains a push-out square when we take the smash product of its vertices with A[A;]_|_ 
for any fc > 0. Since the coequalizer of a diagram is a colimit and the colimits commute 
among themselves, it follows now from (14.1.11) that the following is a push-out square: 



(6.2.7) 



E' 



sst 



HAO 



4 {eaA[i]) 



sst 



F 



sst 



iC{f)) 



sst 
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We now use Proposition I4.3.1l f4) and the isomorphism A[l] — > (A[l])^^* to conchide 
that (|6.2.4p is a push-out square. □ 

Theorem 6.2.3. There exists an endo-functor host : S'H{C) ST-L{C), which coincides 
with the sst-functor on A^-B.G. motivic Q.t -hispectra up to isomorphism. Moreover, 
host is a triangulated endo-functor on the triangulated category ST-L{C). 

Proof. It fohows from Theorem 16.2.11 that sst is an endo-functor on Spt(^p)(C) which 
preserves the A^-B.G. property of (s,p)-bispectra. It is known (c/. [Mi Lemma 2.3.8]) 
that the functor : Spt(C) Spt(C) preserves stable motivic weak-equivalences 
and cofibrations. Hence, T,t is a left Quillen endo-functor with the right adjoint fix ■ 
Spt(C) ^ Spt(C). 

An (s,p)-bispectrum E = (Eq, Ei,- ■ ■) is stable motivic fibrant if and only if it is a 
motivic r^T-bispectrum and it is T- level- wise S'^-stable motivic fibrant (c/. [161 Defini- 
tion 3.1, Theorem 3.4]). In particular, a stable motivic fibrant (s,p)-bispectrum is an 
A^-B.G. motivic O^-bispectrum. 

It follows from Theorem 16.2.11 that the sst-functor on Spt(g p-)(C) takes a trivial stable 
motivic fibration between stable motivic fibrant (s,p)-bispectra into a stable motivic 
weak-equivalence. We can now apply [151 Proposition 8.4.8] to get a right derived endo- 
functor host : S7i{C) — SV-iC), which coincides with the sst-functor on A^-B.G. 
motivic r^T-bispectra up to isomorphism. 

We now check that host : ST-L{C) — > S'H{C) is a triangulated endo-functor. Since 
host preserves finite coproducts and products in the triangulated category S7i{C), it is 
an additive functor. The shift E i— £^[1] on ST-L(C) is given by the functor E i— >■ TigE. It 
follows from Proposition 14.3.1) and the isomorphism ^ (S"^)^^* that host commutes 
with the shift functor. 

Recall that a distinguished triangle in S'H{C) is the one which is isomorphic to a 

sequence of the form (j6.2.3p for a map E —> F in Spt(^p)(C) (c/. [40, § 2.3]). It follows 
from Lemma 16.2.21 and the isomorphism (Sgi?)®®* ~ Y,sE^^^ that given a distinguished 
triangle such as in ()6.2.3p , the sequence of maps 

also forms a distinguished triangle in S'H{C). This shows that host is a triangulated 
endo-functor. □ 

Definition 6.2.4. For the rest of this paper, we shall call the functor host of Corollary 
16.1.71 and Theorem 16.2.31 by the name homotopy semi-topologization functor. For any E 
in SUgiiC) or SH{C), we shall denote host(£) by E^""^^ . 

7. Representing semi-topological K-theory in S'H{C) 

The purpose of this section is to prove that the semi-topological X-theory of Friedlander- 
Walker [9] is representable in S'H{C) by the semi-topologization of an (s,p)-bispectrum 
model of the algebraic X-theory. We begin with the definition of the semi-topological 
X-theory from [9j. 

7.1. Semi-topological X-theory. The semi-topological X-theory of a complex quasi- 
projective variety X acts as a bridge between the algebraic and the topological ii'-theories 
of X. It helps one to understand and compare the algebraic and the topological K- 
theories. This theory was defined by Friedlander and Walker in [10] in terms of the 
stable homotopy groups of an infinite loop space. This loop space is constructed out of 
the stabilization of the analytic space of algebraic morphisms from the given variety to 



26 



AMALENDU KRISHNA AND JINHYUN PARK 



the Grassmann varieties. Friedlander and Walker in [9j gave another definition of the 
semi-top ological X-theory of a complex variety X as 

(7.1.1) Kf{X):=^p{\lC{^l^^X)\) 

for p ^ 'L, where /C(— ) is the presheaf of connective spectra on Schc that represents 
the Quillen JC-theory. They showed in [9l Theorem 1.4] that this definition of the semi- 
topological i^-theory coincides with the original one in [lOj for projective weakly normal 
varieties, so that ()7.1.ip is considered as the correct definition of the semi-topological 
K-theory. The above papers and the subsequent papers ([1], [12], [13]) studied various 
properties of the semi-topological JT-theory defined in (jT.l.ip . 

7.2. Algebraic iC-theory as a motivic spectrum. Recall that the assignment X i— > 
KL{X) of Quillen with values in the category of pointed simplicial sets is in general only a 
pseudo-presheaf on Smc- However, using the notion of big vector bundles, Jardine [20] 
(see also [2T]) constructed a presheaf of spectra on Smc that represents the algebraic K- 
theory. Jardine's construction can be summarized as follows and it will be still denoted 
by /C. The A^-B.G. property of /C is well-known and can be found, for example, in [35| 
Proposition 6.8, Theorem 10.8]. 

Theorem 7.2.1. ( |20l Theorem 5, Proposition 9]) There is a presheaf JC of spectra on 
Smc such that for X € Smc, ^i^) represents the algebraic K-theory of X. This is a 
presheaf of 0,s- spectra above level zero and there are smash product morphisms ICiAlCj — > 
/Cj+j which commute with the bonding maps offC. Furthermore, K, is an A^-B.G. presheaf 
of spectra on Smc- 

We shall use Jardine's model for the algebraic i^T-theory in what follows. Recall that 
for a presheaf of spectra E = [Eq, • • • ) on Smc, E{n} denotes the presheaf of spectra 

{En-, En+1, ■ ■ ■)■ 

Let /C ^ IC^^ ^ JC^^ be the morphisms in Spt(C), where / is an S'-'^-stable motivic fi- 
brant replacement of /C and g is an S'^-stable motivic cofibrant replacement of IC^^. Since 
^fib -g ]-Qotivic fibrant and g is a motivic fibration, it follows that IC^^ is motivic cofibrant- 
fibrant. Moreover, it follows from Theorem 12.2.11 and Corollary 13.2.41 that each /C^^jn} 
is motivic cofibrant-fibrant. It also follows from Theorem 1 7 . 2 . 1 1 and Corollary 13.2.41 that 
the maps ICn K,^ ^ IC^ are object- wise weak-equivalences for each n > 1. 

Using the product structure on /C as in Theorem 17.2. 1^ we obtain a morphism of 
motivic spectra Ki^^ /\1C^ 1C^^{1} in the homotopy category of motivic spectra. This is 
equivalent to a morphism IC^^ Ril^cf/C^^jl} ~ ^.j^cilC^^ {1} in the homotopy category. 

Since IC^^ is cofibrant and ri^cf /C^^jl} is fibrant, this map lifts to a map of motivic spectra 
in Spt(C). Taking the adjoint of this map, we conclude that there is a morphism of 
motivic spectra 

(7.2.1) (I):1C^ MCf ^}C^{1}. 

Note that IC^^ is a cofibrant-fibrant motivic spectrum model for the algebraic iiT-theory. 
The above product is a part of the structure of a presheaf of ring spectra on Kf^^ which 
yields a ring structure on K^{X) for each X G Smc. 

7.3. Algebraic i^'-theory as an (s,p)-bispectrum. It is well-known that the above 
product structure on the presheaf of spectra IC^^ allows one to construct a T-spectrum 
that represents the algebraic i^-theory in Sl-i{C). For a detailed construction of this, 
we refer the reader to [21]. In order to prove the representability of the semi-topological 
-RT-theory in S'H{C), we lift this T-spectrum to an (s,p)-bispectrum. We recycle the 
construction of the T-spectrum in [47, § 6.2] to construct the following (s,p)-bispectrum 
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model for the algebraic K-theorj. An (s, t)-bispectrum model for the algebraic ii'-theory 
is constructed in [39]. 

Lemma 7.3.1. For any X G Smc, the following hold. 

(1) For p >m>0, there is a natural isomorphism /CJ^]^! ^ Kp^rn{X), and 
a split exact sequence 

) ^ Kp^miX) ^ 0. 

(2) ForO<p<m, /C^^]^! = [S?StX+, /CJ^l^i = 0. 

Proof. Given any p>0, the cofiber sequence in S'Hsi{C) {cf. [40i Lemma 2.16]) 

(7.3.1) ^ srs?(Pi)+ ^ 

and Lemma 13.1.21 give us a long exact sequence 

• • • ^ [Sf S?StX+, /C^^]ai ^ Kp{¥\) % Kp{X) ^ • • • , 

where the last map is split by the pull-back via the projection X x ^ X. The first 
part of the lemma follows easily from this and the adjoint isomorphisms 

\^fA, lC^]i^i ^ [A, /Co^]ai ^ [A, il™/C^^]Ai ^ /CJ^]ai 

for any A € Spc,(C). Notice here that IC^^ and /CJ^ are all motivic (hence object- wise) 
fibrant and IC^^ is a motivic ri^-spectrum. 

To prove the first part of (2), we first use Lemma [3 . 1 . 2 1 and Corollarv 13 . 2 . 41 to conclude 
that for any X E Smc, there are isomorphisms 

[^lX+,lC^]i^i ~ ■Kp{lC^{X)) ~ -Kp^^ilC^iX)), 

where the last term is zero if p — m < since }C^^{X) is a connective spectrum. 
To prove the second part of (2), we use (j7.3.ip to get an exact sequence 

^[SrS?(pi,)+,/C^f{m}]Ai. 
By Corollarv 13.2.41 and the adjointness, this exact sequence is equivalent to 

[SP+HiPx)+,/C^]ai ^ [T.l+^X+,lC'i\K^ ^ [Y.l^T^X+,K.'^\K^ ^ [S?(p1,)+,/CJ^]ai. 

It follows from (1) and the first part of (2) that the first map in this exact sequence is 
surjective and the last term is zero if < p < m. Hence the third term must be zero. □ 

Recall that there is a ring isomorphism KQ{C)[t\ / {t - Vf ~ i^o(IPc) and it follows 
from Lemma 17.3.11 that the element {t — 1) = {[0{1)] — [O]) defines a unique element 
th E [S^ A T, lCf]p^i , called the Thom class. Since S"^ A T is cofibrant and /C^^ is motivic 
fibrant, this yields a morphism of motivic spaces AT ^ K'f . Equivalently, there is a 
morphism 6 : T ^ ftg^'i in Spc,(C). 

Definition 7.3.2. We define an (s,p)-bispectrum /C^'^ = {/Cmfn} as the sequence 

/C^ig := (/C^f , nl)C^^{l}, f^^/C^f {2}, • • • ) 

of motivic spectra with the following bonding maps: we apply the natural map ilgAAB — >■ 
i^s{A A B) for A G Spt(C),i? G Spc,(C) repeatedly to get the maps of motivic spectra 

r?^/C^f{n} A T ^ f^"(/C^^{n} A T) i^li^l^ J^"(/C"^{n} A J7,/Cf ) ^ Q'^+^JC'^in} A JCf) 

> ilg A- {n + lf. 
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Proposition 7.3.3. The {s,p)-bispectrum IC^^^ on Smc is an A^-B.G. motivic Qt- 
bispectrum, and it represents the algebraic K -theory in ST-L{C). 

Proof. Since /C*J| = ri^/C^^jn} for each n > 0, it follows from Corollary 13.2.41 that /C^'^ 
satisfies the A^-B.G. property. 

To show that /C^^s is a motivic r^T-bispectrum, it suffices to show that the map 
K-rr^n ^ f^T^m^^+i between two motivic fibrant pointed motivic spaces is a motivic 
weak-equivalence for all m, n > 0. For this, it suffices to show using Corollarv 13.2.41 and 
Lemma [3.1.2l that for every X E Smc and p > 0, the induced map ri^/C^.,.^]^! — >■ 

[Ti^X^,Q,T^'^~^^K.m+n+i]A^ an isomorphism. Equivalently, it suffices to show that the 
map r2"/C^_,_„]Ai — > [Sf St-'^+i ^^"'^'"^^m+n+ilAi is an isomorphism. Using Corol- 

lary I3.2.4| this is equivalent to showing that the map 

(7.3.2) [T.PX^,JC'^]^i [T.PT.TX+,}C'jJ^]^i 

is an isomorphism. However, it follows from Lemma [7.3.11 and the definition of the Thom 
class that, for < p < m both these terms are zero, and for p > m > this map is just 
the multiplication by the Thom class on the groups 

Kp.^iX) ^ Kp^mirlc, {oo} X X), 

which is an isomorphism by the projective bundle formula. The represent ability now 
follows using Theorems I3.4.3| 17.2.11 and Corollary 13.2.11 (see the proof of Theorem I7.4.3P . 

□ 

7.4. Representability of semi-topological if-theory. Using the (s,p)-bispectrum 
model for the algebraic iT-theory, we now prove the representability of the semi-topological 
iC-theory in motivic homotopy categories. 

Proposition 7.4.1. Let K, denote the algebraic K-theory motivic spectrum on Sm^ as 
in Theorem 7.2.1. For any X E Smc and p G Z, there is a natural isomorphism 

ir-*(x)^[srx+[p],/c-*]Ai. 

In particular, the semi-topological K-theory is representahle in S'Hgi{C). 

Proof. This is a direct consequence of Corollary 13. 2. 1^ Theorems 16. 1.5(17.2. 11 and (17.1.ip . 

□ 

Corollary 7.4.2. For any X G Smc and p > 0, there is a natural isomorphism 

Kf{X)^[T.PX+,^Evo]C''U. 
In particular, the semi-topological K-theory is representahle in 
Theorem 7.4.3. For any X € Smc ^.nd p G Z, there is a natural isomorphism 

(7.4.1) Kl^\X) ^ (/c^ig)hostJ^^ _ 

In particular, the semi-topological K-theory is representahle in S7i{C). 

Proof. It follows from Theorems 16.2. 11 l6.2.3l and Proposition l7.3.3] that the we can replace 

(;^alg)host (^alg)sst ([TXTD . 

Let / : (^JC^^syst _^ p stable motivic fibrant replacement of (/C^^^)®^*. Then 

F = (Fq, Fi, ■ ■ ■ ) is a T-level-wise motivic fibrant motivic ily-bispectrum. We get the 
isomorphisms 

(7.4.2) (/C^is)-*] ^ ^ [Sf X+M, 

J Ai 
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On the other hand, it fohows from Theorems 13.4.31 16.2.11 and Proposition 17.3.31 that 
/ is a T-level-wise object-wise weak-equivalence. In particular, the map (/C^^q)^^* = 
(^'^^^)*^o ~^ ^0 is object- wise weak-equivalence. Applying this to (17.4. 2D . we get 

(7.4.3) [SrX+[p],FoUi^ 

It follows from Theorems [3X5l (523 and ElU that the maps /C^^* {IC^'^y^^ ^ 
(/C^f)"'* are object -wise weak-equivalences. In particular, the last term in (I7.4.3P is 
isomorphic to [S^X+[p],/C®®*]^i. The theorem now follows from Proposition [7.4.11 □ 

8. Representing morphic cohomology in SHi^C) 

The morphic cohomology for smooth quasi-projective schemes over C was introduced 
by Friedlander and Lawson [5] . This is an ordinary cohomology theory that lies between 
the motivic cohomology and the singular (topological) cohomology on such schemes. It 
was originally defined in terms of the homotopy groups of a certain function space (the 
space of algebraic cocycles) but was later identified by Friedlander and Walker in [12] 
as the homotopy group of the semi-topologization of the motivic complex of Friedlander 
and Suslin (see below). This is a bigraded cohomology theory, denoted by U'H''{X) for 
a smooth quasi-projective complex scheme X. 

It was shown by Chu [3] that there is an object in Voevodsky's triangulated cate- 
gory of motives P7V4(C) that represents the morphic cohomology. Our aim is to show 
that the morphic cohomology is representable in S'H{C) by simply (homotopy) semi- 
topologizing the motivic Eilenberg-MacLane spectrum of Voevodsky. The result of Chu 
can be deduced from this via the work of Rondigs and Ostvaer [41] . 

8.1. Motivic Eilenberg-MacLane spectrum. 

8.1.1. Friedlander- Suslin complex. Given a map f : Z U of schemes over C and a 
point s € U, we shall denote the scheme-theoretic fiber of / over s by Zg. 

Definition 8.1.1 ([8l p. 141]). Let r > be an integer and let / : Z — )• C/ be a map of 

schemes such that every irreducible component of Z dominates a component of U. We 
say that Z is equidimensional of relative dimension r over U if for every s G C/, we have 
either = or Zg is equidimensional of dimension r. 

For X £ Schc and U G Smc, let Zeqm{X,r){U) be the free abelian group on the 
closed integral subschemes Z of X xU that are dominant and equidimensional of relative 
dimension r over a component of U. 

It is known (see loc. cit.) that Z(.(^^^{X,r) is a presheaf on Smc, which is in fact an 
etale sheaf. Let -F be a presheaf of abelian groups on Smc. Let A* be the cosimplicial 
scheme given by the algebraic simplices A" = Spec (C[to, • • • , *n])/(X]"=o ti ~ where 
0" (0 < i < n) are the cofaces. For any U G Smc, consider the simplicial abelian 
group F(A* X U). Let C_^F{U) be the chain complex (known as the Moore complex) of 
abelian groups associated to it, namely, C_,^F{U) = F(A" x U) with differentials given 
by the alternating sum of F{df x Idjj) over < i < n. Then C_^F is a. presheaf of chain 
complexes of abelian groups on Smc- 

Definition 8.1.2 ( [301 P- 126]). The Friedlander- Suslin motivic complex on Smc is 
defined to be Z^^(n) = C^Zequi(A", 0) for n > 0. 

It is a theorem of Voevodsky [18] that the hyper cohomology of Z^'^(n) are isomorphic 
to the motivic cohomology //*(—, Z(*)) and Bloch's higher Chow groups CH*(— ,*) as 
functors on Smc- In what follows, we shall identify the presheaf of chain complexes of 
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abelian groups Z^'^(n) with the associated presheaf of pointed simphcial abehan groups 
(hence an object of Spc,(C)) via the Dold-Kan correspondence. 

Remark 8.1.3. The above definition of the Friedlander-Sushn motivic complex differs 
from the original definition in [3D], where Z^'^(n) is defined as C^Zequi(''^") 0)[— 2n]. 

8.1.2. Motivic Eilenberg-MacLane spectrum. Recall ( \^7\ §6.1]) that the motivic Eilenberg- 
MacLane spectrum HZ consists of a sequence of pointed simplicial presheaves, whose 
n-th level is K['L[n),2n) = C_^L{T^) for some functor L, together with the adjoining 
map K(Z(n),2n) — )• ^TK{'L{n + l),2n + 2), that is a motivic weak-equivalence. This 
functor L is defined for smooth schemes as follows: for X € Smc, L{X) is the presheaf 
of abelian groups such that for each U G Smc L{X)[U) is the free abelian group on 
the closed irreducible subschemes oiU x X that are finite over U and surjective over a 
connected component of U . This L extends to all pointed simplicial presheaves on Smc. 

Using the isomorphisms ~ pn/p^-i and C_^L{A/B) ~ C^L{A)/C^L{B), we see 

that K{Ij{n),2n) ~ c^*L(^-i) ■ On the other hand, is isomorphic (via local- 

ization) to the presheaf of simplicial abelian groups that corresponds - via Dold-Kan - 
to the presheaves of chain complexes of abelian groups C7^Zequi(A",0) = Z^^(n). We 
conclude that HZ can be regarded as the motivic T-spectrum (Z^'^(O), Z^'^(l), • • • ). 

8.1.3. A^-B.G. property of motivic Eilenberg-MacLane spectrum. In order to apply our 
previous results on semi-topologization to represent the morphic cohomology in the stable 
motivic homotopy category, we need to know that the presheaves of chain complexes 
Z^'^(n) satisfy the A^-B.G. property. But this is a known fact. The A-'^-weak-invariance 
part is true by [301 Corollary 2.19]. The E.G. property (which is the Mayer- Vietoris 
property for the Nisnevich topology) follows from [44, Proposition 4.3.9] combined with 
the proof of the Mayer- Vietoris property for the Zariski topology in [8l Theorem 5.11]. 
We state this result in the form we need as follows. 

Proposition 8.1.4. The motivic complexes Z^'^(n) = C^2;equi(A", 0) satisfy the A^- 
B.G. property on Smc for n > 0. 

Recall from ^ 12.3.21 that for a T-spectrum E, the associated (s,p)-bispectrum E is 
given by Tj^E = (S^E'o, S^Si, • • • ). As a consequence of Proposition 18.1.4] we can 
show the following. 

Proposition 8.1.5. The {s,p)-bispectrum S^HZ satisfies the following properties. 

(1) It is a T-level-wise object-wise Vts-spectrum, i.e., Ylf^'L^^ {n) is an object-wise 
Vig- spectrum for every n > 0. 

(2) It is a -level-wise motivic Q.T-spectrum, i.e., S"HZ is a motivic Q.T-spectrum 
for every n > 0. 

(3) It satisfies the A^-B.G. property. 

(4) The properties (1) — (3) also hold for (S^HZ)^^ . 

Proof. Let Z(S') denote the free abelian group on a set S. Recall that given a simplicial 
abelian group A and a simplicial set K, there is a standard way of constructing the 
simplicial abelian group K C>^A, which is the tensor product 'L{Kn) ®iAn at level n. The 
pointed motivic space /\'L^^ {n) corresponds to the presheaf of simplicial abelian groups 

®'L^^{n) under the Dold-Kan correspondence. It follows from [14, Lemma 4.53] that 
S^Z^'^(n) is an object-wise ils-spectrum. This proves (1). 

The assertion (2) follows from \Al\ Theorem 6.2] together with the facts that the 
functor Es preserves motivic weak-equivalences and the map Tis{Q.tE) — > Qt{^sE) is 
an object-wise weak-equivalence for any pointed motivic space E. 
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To show (3), it is equivalent to showing that S^Z^'^(n) is A^-B.G. presheaf of spectra 
for each n > 0. But this fohows immediately from Proposition I8.1.4| the assertion (1), 
Corollary 13.3.51 and Theorem 13.1.51 

For (4), the A^-B.G. property of (Sf HZ)^^* fohows from the assertion (3) and The- 
orem 16.1.51 In fact, it follows from Proposition 18.1.41 and Theorem 16.1.51 that each 
is an A^-B.G. presheaf of simplicial abelian groups. We deduce from [14^ 
Lemma 4.53] that {Z^^{n)) is an object-wise ri^-spectrum. The isomorphism 
~ now implies that (Ef HZ)^^* is a T-level-wise object-wise Qs- 

spectrum. The assertion that it is an fiT-bispectrum follows from the property (2) of 
HZ and Theorem 12112). □ 

Recall that for an (s,p)-bispectrum E = {Eq,Ei,- ■ ■), where each En is a motivic 
spectrum, the (s,p)-bispectrum E{m} is defined by {Em, Em+i, ■ ' It follows from 
Lemma 3.8, Theorem 3.9] that E i— )• E{1} := S-E is a right Quillen endo-functor on 
Spt(g p)(C) and there are isomorphisms of endo-functors Et ~ LS^ — Rs- on ST-Li^C). 
Also recah from (I2X3D that there are adjoint functors E~ : 5'Hsi(C) o SUiC) : RJl^?. 
As consequences of Proposition 18.1.51 we obtain the following results. 

Corollary 8.1.6. For every n >0, there is an isomorphism in S'Hsi{C): 

(Z^^(n))''* ~ Rf]?°S?; (Sf HZ)''''"* . 

Proof. Let / : (S^HZ)""* ^ F be a stable motivic fibrant replacement of (S^HZ)""*. 
It follows from Proposition 18.1.51 and Theorem 16.2.11 that / is T-level-wise object- wise 
weak-equivalence of A^-B.G. (s,p)-bispectra. This implies that 
(8.1.1) 

E?; (Ef HZ)^°"* ~ R"s_ (Ef HZ)''°"* - F{n} ~ (E^HZ)""* {n} ~ (E^HZ{n})""* . 
Applying Proposition 18.1.51 and Theorem 16.2.11 once again, we get 

KQf^^ (E^HZ)''""* ~ !^5?((E^HZ{n})""*) ~ St;o((E^HZ{n})""*) ~ (E^Z^-^(n))""*, 

where the second isomorphism follows from Proposition 18.1.51 Since (Es(— ))""* ~ 
^s{—T^^, the corollary follows. □ 

Corollary 8.1.7. For every n > 0, there is a canonical isomorphism in ST-L{C): 

(E?,Ef HZ)''°"* - TJ^ (E~HZ)''°"* . 

Proof. Following the notations and proof of Corollary 18.1.61 we get 

, . (E5;Ef HZ)''°"* ~ (R"s_E^HZ)''°"* (Ef HZ{n})''°"* 

^ ' ' ' ~2 (SfHZ{n})""* ~3 (E^HZ)''°"* . 

The isomorphism ~^ follows from Proposition 18.1.5) and Theorem 13. 4. 3( ~^ follows from 
Proposition 18.1.5) and is shown in (I8.1.ip . □ 

Theorem 8.1.8. For any smooth quasi-projective scheme X over C, n > and p G Z, 

there is an isomorphism 

Ln^2n^p^^^ ~ [e??E^X+[p],E?;(E^HZ)''°' 

In particular, the morphic cohomology of smooth quasi-projective schemes is representable 
in Sn{C). 
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Proof. It follows from (I2X3D and Corollary [8X6]that T.^T.fX+[p],T.J^ (Sf HZ 



\host 



1.3) ^ SfX+[p],Rf]??S^(SrHZ)^«^* S-X+[p],S-(Z^^(n)) 



. sst 



On the other hand, we have 



(Z^^(n)) 



sst 



1.4) (Z^^(n))''* (X)) ^% ( (Z^^(n))''* (X)) H^^-^ {X) , 



where the isomorphism ~^ follows from Proposition 18. 1 .51 and Corollary 13.2. !( ~^ follows 
from Proposition 18.1.5) and follows from [12, Corollary 3.5]. We conclude the proof 
of the theorem by combining (j8.1.3p and (I8.1.4p . □ 

8.2. Excision and Localization for morphic cohomology. As a consequence of our 
represent ability of the semi-topological i^-theory and the morphic cohomology in S'H{C), 
we can prove the following Mayer- Vietoris and localization theorems for these cohomol- 
ogy theories. For the semi-topological i^-theory, this recovers a result of Friedlander- 
Walker [llj. 

Theorem 8.2.1. The morphic cohomology of smooth schemes overC satisfies Nisnevich 
descent and localization: 

(1) Given a Nisnevich square of smooth schemes as in ()3.0.5p . there is a long exact 
sequence 

> LP~^H'i{W) ^ LPR'^iX) LPR'^iU) LPR'^iV) LPR^W) ^ ■■■ . 

(2) Given a closed immersion of smooth quasi- projective schemes i : Z ^ X over C 
of codimension d with complement U , there is a long exact sequence 

(8.2.1) > LP^^Hi{U) ^ LP''^'^Hi~'^{Z) LPH1{X) LPR^iU) ^ • • • . 

Similar results hold for the semi-topological K -theory. 

Proof. We give the proof of the theorem for the morphic cohomology as the other case 
is similar using Theorem 17.4.31 Given a Nisnevich square as in (I3.0.5P , it follows from 
|40^ Corollary 2.20] that there is a distinguished triangle in S7i{C) of the form 

The proof of (1) follows by applying [— , (S^HZ)*^"^*]^! to this distinguished triangle 
and using Theorem 18.1.81 

To prove (2), we first note that given the open immersion j : U ^ X, there is a 
distinguished triangle in S'H{C) {cf. f40', Lemma 2.16]) of the form 

Furthermore, it follows from j40l Theorem 2.26] that we can replace X/U by the Thom 
space Th(A'^^/x) of the normal bundle Nz/x of Z in X. Applying [— , (S^HZ) °^ 
to this distinguished triangle and using Theorem 18.1.81 we get a long exact sequence as 
in ()8.2.ip except that we have T\i{Nz/x) i^i place of Z. Thus we are only left with showing 

the Thom isomorphism L*H*{Z) ^ L*R*{Th{Nz/x)) (up to a shift in bidegree). 

We recall from |12j that L*R*{—) is a ring cohomology theory for smooth quasi- 
projective schemes over C. The projective bundle theorem for the morphic cohomology 
(c/. [6]), the natural transformation of cohomology theories -ffjl^(— , Z(*)) L*R*{ — ), 
and the existence of a Chern class theory on the motivic cohomology together imply that 
there is a theory of Chern classes in L*H*{—) in the sense of [37^ § 3.6] and this implies 
the above Thom isomorphism by [3T, Theorem 3.35]. □ 



SEMI-TOPOLOGIZATION IN MOTIVIC HOMOTOPY THEORY 



33 



8.3. Morphic cohomology of smooth schemes. The definitions of morphic cohomol- 
ogy in [5j and [12j assume quasi-projectivity of the underlying scheme. We can redefine 
this cohomology theory for any smooth scheme X over C, using the isomorphism proven 
in Theorem 18. 1.81 via our homotopy semi-topologization functor host on ST-L{C). 

Definition 8.3.1. Given X € Smc , n >0 and p € Z, we define 

(8.3.1) := 

By Theorem 18.1.81 this definition coincides with the original one of the morphic co- 
homology for smooth quasi-projective schemes. Moreover, the natural transformation 
Id — )• host of endo- functors on ST-L{C) and the known isomorphism 

show that there is a natural transformation of bigraded cohomology theories on Smc: 

i/^-P(-,Z(n)) ^ 

Using the topological realization functor Rc : 5H(C) 8% {cf. ^38, § A. 7]), we get a 
commutative diagram 

(8.3.2) H'^M^'^iX, Z(n)) > L"H^-^-P{X) 

[Sf X+[p],Rc (SJHZ)]5w > [Sf X+M,Rc (5]?;(HZ)-t)]5«. 

The isomorphisms Rc(T) ~ and Rc (HZ) ~ Rc (^(HZ)^^*^ ~ HZtop show that there 
are natural transformations of the cohomology theories on Smc: 

(8.3.3) i/^-^'(-,Z(n)) ^ M2"-f(-) ^ h'X^-/{-,Z). 

8.4. Equivariant morphic cohomology. As another application of the representabil- 
ity of the morphic cohomology in S'H{C), we can construct a theory of Borel style 
equivariant morphic cohomology of smooth schemes with group action as follows. 

Let X be a smooth scheme over C with action of a complex linear algebraic group G. 
We define the equivariant morphic cohomology of X as 

(8.4.1) LPR^^iX) := 

where Xq is the motivic space defined in |22^ § 2.2]. It turns out that there is a nat- 
ural map from the equivariant higher Chow groups to the above equivariant morphic 
cohomology which in turn maps to the Borel equivariant singular cohomology. This new 
cohomology theory and its applications will appear in more detail in [23j . 

9. Semi-topological cobordism 

Recall from [471 § 6.3] that the algebraic cobordism MGL is a T-spectrum of the form 
MGL = (MGLo,MGLi, ■ ■ ■ ), where MGL„ is the motivic Thom space of the universal 
rank n vector bundle En on the Grassmann ind-scheme Gr{n, oo). The T-spectrum 
MGL is also called the motivic Thom spectrum. The associated cohomology theory on 
Smc given by the assignment X H> MGL^'''(X) (see (|2.3.4p ) is cahed the (Voevodsky) 
algebraic cobordism theory. It is known that this is an oriented bigraded cohomology 
theory and is universal among all oriented cohomology theories on Smc- 



.host 



S??Sf(XG)+[2p-<7],S^ (S-HZ) 



host 
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9.1. Definition. Using our homotopy semi-topologization host on ST-L{C), we define 
the semi-topological version of tlie algebraic cobordism as follows. 

Definition 9.1.1. The semi-topological Thorn spectrum MGLgst is defined to be the 
homotopy semi-topologization MGL*^"^* in ST-L{C). The associated bigraded cohomology 
theory MGLgg^(— ) on Smc is called the semi-topological cobordism. 

The natural map MGL — ?> MGLgst in ST-L{C) defines a natural transformation of 
bigraded cohomology theories MGL^''^(— ) — )• MGLgg|(— ) on Smc and it follows from 
Theorem 18. 1.81 that there is a commutative diagram of cohomology theories 

(9.1.1) MGL?'-«(-) > MGL^gl(-) 



A result of Hopkins and Morel shows that for any X € Smc and n > 0, there is a 
spectral sequence 

(9.1.2) EP^i{n) = HPj^\X,Z{n - q)) ®z ^ MGLP+'?'"(X), 

where L = ©ij<oL'? is the Lazard ring. Some also call this spectral sequence, the motivic 
Atiyah-Hirzebruch spectral sequence. The result of Hopkins and Morel is still in an 
unpublished form to the best of our knowledges. However, based on the lectures of 
Hopkins [25] , a proof of an essential part of this has now appeared in [T7] . Our goal in 
this section is to use the ideas of flT], [l2], [l3] and [l9] to produce an analogous spectral 
sequence for the semi-topological cobordism. 

We recall here that an Atiyah-Hirzebruch type spectral sequence, which relates the 
motivic cohomology with the algebraic iC-theory of smooth schemes, was earlier con- 
structed by Bloch-Lichtenbaum p!] and Friedlander-Suslin |7j. The corresponding spec- 
tral sequence for the semi-topological ii'-theory was obtained by Friedlander-Haesemeyer- 
Walker [1]. 

9.2. The semi-topological spectral sequence. Recall from [331 §3] that there is a 
motivic analogue of the Postnikov tower for each E G S'H{C) constructed as follows. 
Let ST-L{CY^ C ST-L{C) be the full localizing triangulated subcategory generated by 
for i,j G Z, i > and X G Smc. For p G Z, let ip : S^57^(C)^*^ ^ Sn{C) 
be the inclusion. It is known that there is a right adjoint Vp of tp such that rp o ~ Id 
(c/. [ini § 4]). Set fp := ip o Vp. There is a natural transformation pp+i : /p+i — > /p. 
Thus, we have a sequence of maps 

(9.2.1) ...^f^^,E'n'fpE%---^nE^foE'^'f^,E^...^E. 

The object SpE is defined to be the cofiber of the map Pp+i so that there is for each 
p G Z, a distinguished triangle in S7i{C): 

(9.2.2) fp+iE ^ fpE ^ SpE ^ (/p+i^)[l]. 

The objects SpE are called the slices of E. We say that the spectrum E is effective if 
the map fpE E is an isomorphism for i < 0. 

Lemma 9.2.1. The natural map MGL HZ induces an isomorphism sqMGL ^ HZ. 

Proof. The maps of spectra 1 — )• MGL HZ induce the maps of slices sqI — ?> sq MGL — )• 
sqHZ. The first map is an isomorphism by [421 Corollary 3.3] and the isomorphism 
of the composite map was shown by Voevodsky [49] . We conclude that the second 
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map is an isomorphism. The lemma now follows because Voevodsky also showed that 
sqHZ ~ HZ. □ 

The following result follows from \4:0\ Remark 4.2] and [42, Corollary 3.2]. 

Lemma 9.2.2. We have fp MGL ^ MGL for aUp<0 and Sp MGL = for all p <0. 

In particular, MGL is effective. 

Recall that there is a morphism of ring spectra L MGL. On the other hand, 
the natural map MGL sqMGL = HZ (c/. Lemma [921]) factors as MGL 
MGL = MGL (8)l Z ^ HZ and the last map is an isomorphism in SH{C) by 

Hoyois iLli- It was proven by Spitzweck [42] that this implies the following. 

Proposition 9.2.3 ([42^ Theorem 4.7]). There is an isomorphism SpMGL S^HL^. 

Let's fix X G Smc and n > 0. We write as just X and the hom sets [— , — ]ai 

in ST-L{C) as just [—,—], for simplicity. Applying host to (19.2.ip . (19.2.2P and applying 
Lemma [9. 2. 2^ we get the sequences of maps 

(9.2.3) • • • ^ (/p+i MGL)h-*^(/pi?)h-*^ • • • ^(/ii^)host^(y.^^)host ^ MGLsst, 

(9.2.4) (/p+i MGL)*^""* ^ (/pMGL)*^""* ^ (spMGL)^''"* ^ (/p+i MGL)'^°"*[1], 

where (19.2.4j) is a distinguished triangle in SH{C) by Theorem 16.2.31 Applying [X,—] 

to (I9.2.4p . we obtain an exact sequence 

(9.2.5) 

[X, (/p+iMGL)*^-*] ^ [X, (/pMGL)^-*] ^ [X, (spMGL)^-*] ^ [X, (/p+i MGL)*^-*!!]] 

We now construct the exact couples needed to produce our semi-topological spectral 
sequence (see [3ll § 2, Theorem 2.8] for basic formalisms of exact couples and associated 
spectral sequences). For p,q G Z and n > 0, define 

AP'''(X,n) := [X,SP+9-"Sj^(/pMGL)^°^*]. 

Note that the map /)^°^* : (/pMGL)^°^* ^ (/p_i MGL)'^°^* induces a natural map 
Pp-i,q+i ■■ AP'^iX,?!) AP-^'''+^{X,n). For the slices, we define 

EP^i{X,n) := [A:,SP+5""S^(spMGL)^''"*]. 

So, the exact sequence ()9.2.5p gives an exact sequence 

AP^'i{X,n) AP-'''^+\X,n) EP-'''^+\X,n) ^f+i''?(X, n). 

SetDi{X,n) := ®p^qAP''i{X,n) andSi(X,n) := ®p^qEP^i{X,n). Write ai := e(5p_i,q+i, 
bi := ©yOp-i,q+i and ci := (Bjp~i,q+i- This gives an exact couple 

'-^ 





El. 

Following the usual formalism of exact couples, we let di := ci o ai : Ei Ei. By 
construction, that (|9.2.5p is an exact sequence implies that d\ = 0. In particular, (E'l, di) 
is a complex. Thus, by repeatedly taking the homology functors, we obtain a spectral 
sequence. 

For the target of the spectral sequence, let A™(X, n) := colim^^oo j4™~'^''^(X, n). Since 
X is a compact object of S7i{C) {cf. [171 Proposition 5.5]), the colimit enters into [— , — ] 
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SO that A^{X,n) = [X, MGL'^''^*] = MGL^f (X) by ([9X31) . The formahsm of 

exact couples then yields a spectral sequence 

(9.2.6) Ef''^{X, n) = ^^'^(X, n) A^+'^iX, n). 

We identify the ii^i-terms as 

I • • i ^ [Sf-P-'?X,SP+"(HLP)'^°^*] 

The isomorphism ~^ in (|9.2.7p follows from Proposition I9.2.3| follows from Corol- 
lary [8X7] and ([232]), and ~3 follows from Theorem [8X8] and ([2Xi]l . 

This -El-spectral sequence is actually identical to an £'2-spectral sequence after rein- 
dexing. Indeed, let E^''''\x,n) = U'-"' H'p'-"' (X) (^^L^'- We show that this is identical 
to the -El-spectral sequence of (j9.2.6p . 

For r > 1, the change {p,q) {p + r,q — r + l) transforms {p + n,3p + q,p) into {p + r + 
n,3p + q + 2r + l,p + r). Similarly, for r' = r+1, the change {p', q') i— )• {p' + r', q' — r' + 1) 
transforms (n — q\p' — q', —q') into {n — q' + r' — l,p' — q' + 2r' — 1, —q' + r' — 1) = 
{n — q' + r, p' — q' + 2r + 1, —q' + r) . Hence, the equality Er''^ = E^, '"^ gives the equalities 
p + n = n — q',3p + q=p' — q',p = —q'. This implies that 

^p+r,q-r+l _ j^p+r+n jj3p+q+2r+l ^^'^ ^^^J^-P-^ 

= L''-i'+rHP'-i'+^^+^ (X) (g)z L^'-'^ = E^'/ , 
so indeed the Ei-sequence is now identified to an E2-sequence. 

Summarizing what we have shown above and using the diagram (|9.1.ip . we get the 
following semi-topological analogue of the Hopkins-Morel spectral sequence. 

Theorem 9.2.4. For X € Smc and n > 0, there is a spectral sequence 

EP^^%n) = U'^mP-^iX) (g)zL« ^ MGL^+^'"(X). 

Moreover, there is morphism of spectral sequences natural in X: 

(9.2.8) H'Pj^\X,'L{n-q))®zl.i MGLP+5'"(X) 



L'^-mP-'i{X)(^zl^i MGL^+/'"(X). 

Remark 9.2.5. Using the argument in the construction of the spectral sequence in Theo- 
rem [923] and the isomorphism SpKGL ~ S^HZ, where KGL is the algebraic -fC-theory 
motivic T-spectrum, one also obtains for any X € Smc, a spectral sequence 

(9.2.9) Ef'" = L-mP-'^{X) ^ Kt^l;_^{X), 

which is the spectral-sequence of [U Theorem 2.10]. 

If we repeat the arguments in Section 19.21 for MGL smashed with mod /-Moore spec- 
trum, and use the fact that the left vertical arrow in (|9.2.8p is an isomorphism with finite 
coefficients (c/. [13] Theorem 30]), we deduce the following corollary. 

Corollary 9.2.6. For X € Smc, ^ ^ 1 and p,q € there is a natural isomorphism 

PA I 



MGLP'«(X,Z//) ^ MGL^,^(X,Z//) 
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Using the diagram (jO.l.ip and applying \36\ Corollary 10.6], we obtain the following. 
Corollary 9.2.7. For any X € Smc, there is an isomorphism of graded L,Q-modules 

In particular, the spectral sequence of Theorem 9.2.4\ degenerates with the rational coef- 
ficients. 

Another application of the spectral sequence of Theorem 19.2.41 is the following com- 
putation in terms of the algebraic cobordism 17*^^ modulo algebraic equivalence defined 
in [Mj- Using the universal property of ^^aig(~) discussed in ibid., one easily sees that 
for each X € Smc, there is a natural map — t- MGLg*^*(X). 

Corollary 9.2.8. The maps L — )• r2*jg(pt) — )• MGLg*^*(pt) are isomorphisms. 

Proof. The isomorphism of the first map is already shown in [24j. The spectral sequence 
above shows that the natural map ^^aig(^'*) ~^ MGLg*^*(pt) is surjective. On the other 
hand, composition with the natural map gives an isomorphism 

KigiPt) - MU2*(pt) ~ L by [M]. In particular, the map ^l^^ipt) MGL^*i*(pt) is 
injective. This completes the proof. □ 

Remark 9.2.9. It was shown by Levine H?] that the map MGL'^*'*{X) is an 

isomorphism for any smooth scheme X, where ) is the algebraic cobordism theory 
of Levine and Morel |28j . Using Theorem 19.2.41 and Corollary 19.2.81 probably it is 
possible to prove, using the arguments of [27j, that the map Q*^i^{X) MGLg*^*(X) is 
an isomorphism for all X G Smc. But we do not attempt this in this paper. 
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